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@ Introduction: The main idea, and the Navier-Stokes equation.

@ Viscosity-independent estimates for the time-dependent Idvier-Stokes
equations.

© The (generalised) Boussinesq problem.

o The stabilised method: stability and convergence.
o Numerical results.

@ Concluding remarks.
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Introduction: The main idea

The Navier-Stokes equation: Find (u;p) such that

u+u ru+rp=f in
divu =0 in
u=20 on@ :
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Introduction: The main idea

The weak formZuIation . Findéu;p) 2 H&()Zd L3() suzch that

ru:rv+ u ruv pdivv = f v;
Z
gdivu =0;

for all (v;g) 2 HE() ¢ L2().
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Introduction: The main idea

The weak formZuIation . Findéu;p) 2 H&()Zd L3() suzch that

ru:rv+ u ruv pdivv = f v,
z
gdivu =0

forall (v;q) 2 H3() ¢ L3().
The inf-sup condition R
di
inf sup & > 0:
q2L30) vaHi() ¢ kako. jVi;.
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Introduction: The main idea

The weak formzulation . Findéu;p) 2 H&()Zd L3() suzch that

ru:rv+ u ruv pdivv = f v;
Z
gdivu =0;

forall (v;q) 2 HE() ¢ L3().
Main tools :
The inf-sup condition

R di
ivv
inf sup qi > 0:
q2L30) vaHi() ¢ kako. jVi;.
The form z
b(u;viw):=  u rvw;

is antisymmetric. This is,

b(u;vi;v):= u rvv=0 8v2HE() ¢:
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Introduction: The main idea

Some previous works :
1. inf-sup stable conforming :

- Scott-Vogelius (1984): P,  Pdisc, for k 4 (Guzman-Scott, 2018);
- Guznman-Neilan: Rational bubbles (2014).

2. inf-sup stable non-conforming :
- Crouzeix-Raviart (1973);

- Mardal, Tai, Winther (2002). (cubic velocities with constant divergence,
P, pressures)

3. inf-sup stable H (div; )-conforming :
- BDM ,  Pgsc: Oyaraia, Qin, Schotzau (2014); Lube & Schroeder (2018).
- Guzman-Neilan: Brinkman problem (2012).

4. Pressure robust :

- Modi cations based on a discrete Helmholtz decomposition (inke et. al.
2014-....);

uuuuuu
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Introduction: The main idea

The Navier-Stokes equation: Find (un;pn) 2 P1() ¢ Po() such that
Z z z Z

r up:r vp + Un I UpVh phdivvy = f v
z x Z
Ghdivup + F o I[pnlln]=0;
F2F F

forall (vh;h) 2 P1() ¢ Po(). Here - hg.
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Introduction: The main idea

The Navier-Stokes equation: Find (un;pn) 2 P1() ¢ Po() such that
Z z z Z

r up:r vp + Un I UpVh phdivvy = f v
z x Z
Ghdivup + F o I[pnlln]=0;
F2F F

forall (vh;h) 2 P1() ¢ Po(). Here - hg.

The hidden divergence-free velocity :The second equation gives
Z Z
X

divup on + Fo Inllw]l =0  80h 2 Po() ;
F2F F

h
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Introduction: The main idea

The Navier-Stokes equation: Find (un;pn) 2 P1() ¢ Po() such that
Z z z Z

r up:r vp + Un I UpVh phdivvy = f v
z x Z
Ghdivup + F o I[pnlln]=0;
F2F F

forall (vh;h) 2 P1() ¢ Po(). Here - hg.

The hidden divergence-free velocity :The second equation gives
Z Z
X

divunch + Flpnloh =0 8ay 2 Po() ;
@K

K
K 2T,
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Introduction: The main idea

The Navier-Stokes equation: Find (un;pn) 2 P1() ¢ Po() such that
Z z z Z

r up:r vp + Un I UpVh phdivvy = f v
z x Z
Ghdivup + F o I[pnlln]=0;
F2F F

forall (vh;h) 2 P1() ¢ Po(). Here - hg.

VA
X
divu + =0 8h 2P ;
o hCh @Kli{lzpﬂch th 2 Po()

SUpe N

The hidden divergence-free velocity :The second equation gives
Z

P
whereunc = ¢ gk elIPn]’ ¢ is a Raviart-Thomas lifting of the jumps of
the discrete pressure.
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The Navier-Stokes equation: Find (un;pn) 2 P1() ¢ Po() such that
Z z z Z

r up:r vp + Un I UpVh phdivvy = f v
z x Z
Ghdivup + F o I[pnlln]=0;
F2F F

forall (vh;h) 2 P1() ¢ Po(). Here - hg.

The hidden divergence-free velocity :The second equation gives
Z Z
X

divuhoh +  divu,.q, =0 8ath 2 Po() ;
K

K
K 2T,

P
whereunc = ¢ gk elIPn]’ ¢ is a Raviart-Thomas lifting of the jumps of
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Introduction: The main idea

The Navier-Stokes equation: Find (un;pn) 2 P1() ¢ Po() such that
Z z z Z

r up:r vp + Un I UpVh phdivvy = f v
z x Z
Ghdivup + F o I[pnlln]=0;
F2F F

forall (vh;h) 2 P1() ¢ Po(). Here - hg.

The hidden divergence-free velocity :The second equation gives
X

) div( Ph_'fzu_ni)% =0  80h2Po() ;

K 2T
h =L (u,py)

P
whereunc = ¢ gk elPn]’ ¢ is a Raviart-Thomas lifting of the jumps of
the discrete pressure.
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Introduction: The main idea

The Navier-Stokes equation: Find (un;pn) 2 P1() ¢ Po() such that
Z z z Z

r up:r vp + Un I UpVh phdivvy = f v
z x Z
Ghdivup + F o I[pnlln]=0;
F2F F

forall (vh;h) 2 P1() ¢ Po(). Here - hg.

The hidden divergence-free velocity :The second equation gives
X

di =0  8q, 2 Po() ;
) iv( IJh_TZU_n?)QW Gh 2 Po()
h =L (uyspy)

P
whereunc = ¢ gk elPn]’ ¢ is a Raviart-Thomas lifting of the jumps of
the discrete pressure.In addition, divL (u,;p,) = 0 pointwise in . !

K 2T

1B., F. Valentin, Consistent local projection stabilized nite element methods SIANégl;fﬁ'clvde
Numer. Anal., 48 1801{1825, (2010).
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z z

Z Z
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Introduction: The main idea

The Navier-Stokes equation: Find (un;pn) 2 P1() ¢ Po() such that
z z

Z Z
r up:r vp + L (un;pn) r upvh pndivvy, = f vnp;
Z X Z
Ghdivup + F o Ipnlln]=0;
F2F |, F

forall (vh;h) 2 P1() ¢ Po(). Here - hg.

An immediate advantage : Stability of the nite element method can be
proven without restrictions on the size of the mesh
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Introduction: The main idea

o Forall (v;a) 2 Hg()  Po(), the following continuity holds

0 ( )3t
X 2
kL (vikis)  C @vjy, + pklonlkGe A
F2F n
( )y O ( )3t
L (vith)idx C Qj,;, + rklonlkee A
K 2Th F2F
foralll p 6.
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Introduction: The main idea

o Forall (v;a) 2 Hg()  Po(), the following continuity holds

0 ( ) .1
X 2
KL (Vichkio) € @vjy, + eklonlkie A
F2F n
( )y O ( )3t
iL (Vi o)itk C Qjy; + pklonlke A
K 2Ty F2F p

foralll p 6.

@ As a corollary, the error can be estimated as follows:

X ,
ju L (un;pn)itk
K 2Th
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o Forall (v;a) 2 Hg()  Po(), the following continuity holds

0 ( ) .1
X 2
KL (Vichkio) € @vjy, + eklonlkie A
F2F n
( )y O ( )3t
iL (Vi o)itk C Qjy; + pklonlke A
K 2Ty F2F p

foralll p 6.

@ As a corollary, the error can be estimated as follows:
ju L (un;pn)itk = jL (u;p) L (un;pn)itk
K 2Th K 2T
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@ As a corollary, the error can be estimated as follows:
ju L (unipn)itx = jL(u unip pn)itk
K 2T h K2Th

Universityof
Strathclyde
Glasgow

G.R. Barrenechea (Strathclyde) Petopolis, 2019 6/49



Introduction: The main idea

o Forall (v;a) 2 Hg()  Po(), the following continuity holds

0 ( ) i1
X 2
KL (vidkee)  C @vjy, + FklonIkge A
F2F p,
( )y O (s ) 3t
L (Vi )itk C Qj,, + rKlnIkae A
K 2Th F2F

foralll p 6.

o As a corollary, the error can be estimated as follows:

!
X

X
ju L (unpn)ifx C ju upji + Y
K 2T F2F 4

Thus, L (up;pn) enjoys the same convergence properties ofi(; pn).
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Introduction: The main idea,

Let us consider the Navier{Stokes problem:

8
< u+u ru+rp = f;
dvu = O0;
u = 0:
b

Smooth solution in = (0 ;1) given by:

us = sin( x )?sin(2y );
u; = sin(y)?sin(2x);
p=x%y 1=6:

Figure 1: Mesh with 512
elements and 289 vertices.
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Introduction: The main idea,

Taylor{Hood (P, P,)taking =10 3:
4‘
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Introduction: The main idea,

Taylor{Hood (P, P,)taking =10 3:

AN

Exact p
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Introduction: The main idea,

R
Taylor{Hood + divu,divv, ( = O(1), large) taking =10 3:
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Introduction: The main idea,

R
Taylor{Hood + divu,divv, ( = O(1), large) taking =10 3:

Exact p Computed p,

uuuuuuuuuuu
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Introduction: The main idea,

Low-order stabilised (P, Pp) takinn  — 10 3
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Introduction: The main idea,

Low-order stabilized (P, Pp) taking =10 3:

Exact p

Computed p,

Suduiuyue
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Introduction: The main idea,

Computed maximum divergence:

Jnax jdiv upj Jax jdiv L (up;pn)i

Taylor{Hood 26.7119 -
Taylor{Hood + grad-div 18.3728 -
Low-order stabilized 0.0081 14 10 #
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@ Introduction: The main idea, and the Navier-Stokes equation.

@ Viscosity-independent estimates for the time-dependent Idvier-Stokes
equations.

© The (generalised) Boussinesq problem.

e The stabilised method: stability and convergence.
o Numerical results.

@ Concluding remarks.
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The time-dependent Navier-Stokes equation

The problem : Find u : (0;T]! Randp: (0;T]! R, such that

@u u+u ru+rp=f in 0;TT;
divu =0 in 0;T];
u=20 on@ (0;T];

u(;0)=ug() in

nnnnnnnnnnn
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The time-dependent Navier-Stokes equation

The problem : Find u : (0;T]! Randp: (0;T]! R, such that

@u u+u ru+rp=f in 0;TT;
divu =0 in 0;T];
u=20 on@ (0;T];

u(;0)=ug() in

Weak problem :  Find (u;p) 2 L2((0; T H3() %) L2((0;T];L3()), such
that

(@u;v) + (ru;rv) +(B(u;u);v) (p;divv) =(f;v) ;
(g;divu) =0;

forall (v;q) 2 H&() ¢ L3(), and almost all t 2 (0; T], where we have
denotedB(u;Vv):=u r v.
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The time-dependent Navier-Stokes equation

The problem : Find u : (0;T]! Randp: (0;T]! R, such that

@u u+u ru+rp=f in O;T1;
divu =0 in ©O;T];
u=0 on@ (0;T];

u(;0)=ug() in

Weak problem :  Find (u;p) 2 L?((0; T H&() %) L2((0;T];L3()), such
that

(Qu;v) + (ru;rv) +(18(U;&);V)} (psdivv) =(f;v) ;
=b(u;u;v)
(g;divu) =0;

forall (v;q) 2 H3() ¢ L3(), and almost all t 2 (0;T], where we have
denotedB(u;v):=u r v.

nnnnnnnnnnn
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The time-dependent Navier-Stokes equation

The semi-discrete problem :  Find (uy,;p,) 2 Py() ¢ Py() such that

(Qup;vy) + (ruprvy) +B(L (Uh;ph);uh;)\(/h) (pn;divvy) =(f;vy)
(0 divuy) + F(lpn L [aDe =0

F2F ,

for almost all t 2 (0; T] for all (v;;q,) 2 P,() ¢ Po().

nnnnnnnnnnn
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The time-dependent Navier-Stokes equation

The semi-discrete problem :  Find (uy,;p,) 2 Py() ¢ Py() such that

(Quy;vy) + (rupsrvy) +b(L (uh:ph):uh:%h) (pn;divvy) =(f;vy)
(¢, divu,) + FPn L[ De =0;

rZF " {z 1
= Spres (ph ;qh)

for almost all t 2 (0; T] for all (v;,;q,) 2 Py() ¢ Po().

nnnnnnnnnnn
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The time-dependent Navier-Stokes equation

Error estimate : As usual, we split the error as

&, =ip(u) u ; e,=iy(u) uy;
N

h'= o P w= oP) Pn:
Error equation :

(@en;vy) + (reqrvy) +b(ig(u)ig(u);vy)  bL (Up;pp)iup;vy)

( nodivvy) +(dive, o) + Spres( niGh)
= @&n;vyp  t+ (rénirvy) +(diveyq,)  blususv)+ iy (u);ip(u);vy)
+ Spres( 0(P): &) (Ah;diVVh) ;

nnnnnnnnnnn
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The time-dependent Navier-Stokes equation

Error estimate : As usual, we split the error as
€= ip(u) u ; ey, =ip(u) up;
Ah = o P n oP) Py:
Error equation : Substitute (v,;q,) = (e,; ;) we get:

1d
2dt
k@e, + B(L (up;pn);un)  Blip(u)sip(u))ky. kenky. + C hzjujz;
+ Ch?kukZ. + Ch2kpk,,

1
kenk3, + Ekr e kj, + ESpres( hi h)
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Error equation : Substitute (v,;q,) = (e,; ;) we get:

1d
24t
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The time-dependent Navier-Stokes equation

Error estimate : As usual, we split the error as
€= ip(u) u ; ey, =ip(u) up;
Ah = o P n oP) Py:

Error equation : Substitute (v,;q,) = (e,; ;) we get:

d

dtkehké; + kre,kd + gspres( nion)  1+2kr 0k, .+ Ckapk2 . ke, K3
+ Ch?( kuk3. + kpki. )+ Ch?kuiki + C kuki. + kuk3 h2%kuk3 :
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The time-dependent Navier-Stokes equation

Error estimate : As usual, we split the error as
€, = ip(u) u 5 ey =iz(u) uy;
N

h= o P oP  Pn:
Error equation : Substitute (v,;q,) = (e,; ;) we get:

d

mkaxa + kr e k3. +§&m4 nion)  1+2kr 0k, .+ Ckapk2 . ke, K3
+ Ch?( kuk3. + kpki. )+ Ch?kuiki + C kuki. + kuk3 h2%kuk3 :

We multiply the above inequality by exp( K (t)), where
t

K(t) = 1+ Ckr uk? . + Ckuki. dr
0
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The time-dependent Navier-Stokes equation

Theorem
If (u;p) are regular enough, then there exist€ > 0, independent ofh and ,
such that

Zs
key (t)ks, + kr en(s)ks, + Spres( n(S); n(s)) ds  Ce-(Dh?;
0

where Z
L(T) = C(1+ kr u(s)k, . + ku(s)k? . )ds:
0

nnnnnnnnnnn

Strathclyde
Glasgow

G.R. Barrenechea (Strathclyde) Petopolis, 2019 19/49



The time-dependent Navier-Stokes equation

The fully discrete problem : We introduce

Implicit Euler : givenu@ =i, (u,), for i =0;1;2;::

that

n+1 n
Up Up

t

- T
t= T

, nd ( un+1

;Vh + (r un+1 r Vh) + uL (UE+1 n+1)

pn*) such

un+1, )

(PR s divvy) :(f“”;vh)

(divup*t;

for all (vyi6,) 2 Py() ¢ Po().

G.R. Barrenechea (Strathclyde)

) + Spres (p

Yign)=0

uuuuuu
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The time-dependent Navier-Stokes equation

The fully discrete problem : We introduce t= ﬁ—

Semi-Implicit Euler : for i =0;1;2;:::, nd (up*™;pl*t) such that

n+1 n
up Up

t

Vpoo o+ (r Un+1 rvy) +b(L (up:ph); Un+1yV )

(ph ™ sdivvy) =<f"”;vh)
(d|VUn+l ) + Spres(ph 7%h) =0
for all (vi;;q,) 2 Pi() @ Py(), where uf solves
(rudirvy)  (PRidivwy) +(gyidivul) + Spes(PhicR) = (T UgiT Vi)
forall (vi;q,) 2 Pi() @ Pg().
S"iv;glthclyde
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The time-dependent Navier-Stokes equation

The fully discrete problem : We introduce t= ﬁ—

Semi-Implicit Euler : for i =0;1;2;:::, nd (up*™;pl*t) such that
uE+l UR
t

Vpoo o+ (r Un+1 rvy) +b(L (up:ph); Un+1yV )

(PR 5 divvy) :<f"”;vh)
(d|VUn+l G,) + Spres(ph ;%) =0
for all (vi;;q,) 2 Pi() @ Py(), where uf solves
(rupsrvy)  (PRidivvy) + (G divuR) + Spres (PR &) = (T UgiT V)
for all (vy;6,) 2 Pr() ¢ Po().

Also, the Crank-Nicolson method has been analysed.

uuuuuu
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The time-dependent Navier-Stokes equation

Theorem

Let us suppose that

1
tM, 5 where My =1+ Ckruki: i)+ Ckukf: (11 y:

Then, there existsC > 0, independent ofh; t, and , such that
) X . o X _ o .
ku" ufk3 + t o kr (UK + t spes(P PP B
j=1 j=1
Ce?™v kepkd, + TKyph®+( t)’Kuyk o 2) + Ch?ku ki 2y

where
Ku;p = C(kUkLl (Hz);kUkLl (HZ);kpkLl (Hl));

does not depend on negative powers of

v
w
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The time-dependent Navier-Stokes equation

Theorem (Error estimate for the pressure)
The following error esimate holds, with a constant indepeneht of h; t, and

) U )
t (P ) oC(u;@u; @u;p;T)(kepky, +h? 2+ 1)t
i=1 o:
1A. Allendes, B., and J. Novo: A low-order divergence-free method for the "g"l‘t;iii:rv'{"clyde

time-dependent Navier-Stokes equation , in preparation.
G.R. Barrenechea (Strathclyde) Petopolis, 2019 22149



Numerical results

We consider the time-space domain (01] , with = (0 ;1)?, and consider
as exact solution

u=cul exy@ XA y) > ;
p = cos(t)(sin(x) cos(y) + (cos(1)  1)sin(1)):
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Numerical results

ku unk, att=0:5 ku L (up;pn)ko. att=0:5
10° - x 10° :
& 102 1
3 =10 4 1
% =10 © 1
----Rate h?
10 10°°
1072 1071 10% 107? 107t 10°
log(h) log(h)

Figure 2: Error for the Implicit Euler Method at time  t =0:5. Here t=1=2%,
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Numerical results

ju upj; att=0:5 ju L (up;pn)inz) att=0:5

10° 10°

1071 1071

1072 1072
1072 1071 10° 107

Figure 3: Error for the Implicit Euler Method at time  t =0:5. Here t=1=2%,
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Numerical results

spre(p Pr;p pn)att=0:>5

H-
1071 %

1072 1072
107 1073
1072 1071 10° 107 1071 100
log(h) log(h)

Figure 4: Error for the Implicit Euler Method at time  t =0:5. Here t=1=2%,
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@ Introduction: The main idea, and the Navier-Stokes equation.

@ Viscosity-independent estimates for the time-dependent Idvier-Stokes
equations.

© The (generalised) Boussinesq problem.

o The stabilised method: stability and convergence.
o Numerical results.

@ Concluding remarks.
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The steady-state Boussinesq problem

The Boussinesq equatiort

div("(t)r u)+(u r)u+rp=gt in ;
dvu=0 in ;
div( )rt)+u rt=0 in ;
u=0 on ;
t=ty on

wherety 2 Hz(),and "()and () satisfy:
0<"o "() "1; 0< o () 1 8t2HY);

j"(t)  "(t2)]  Ceip jti  toj; 8tyt2 2 HY() ;
i (t) ()i Cup it taj; 8ty;t22 HY() :

G.R. Barrenechea (Strathclyde) Petopolis, 2019
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The steady-state Boussinesq problem

The weak form: Find (u;p;t) 2 H (1)() L3() H*() such that:
z z Z Z
"Wru:rv+ (U ru)v pdivv = tg v 8v2Hé() ;
Z

adivu =0 8q2 L3() ;
Z Z
Mrtr + (urt) =0 8 2H);

t=t, on

nnnnnnnnnnn
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The steady-state Boussinesq problem

The well-posedness of the continuous problem

Theorem

L2}

Let RY:d =2;3 a bounded Lipschitz polyhedral domain. Then, there exist
a solution to the weak problem for the Boussinesq equation.
In addition, if (u;p;t)2 WY () L3() W&%HL() satises

maxfk gko; ;kukyg ; ;ktkyp, g M;

whereM > 0 is small enough, then the solution is uniqué, 3

3S.A. Lorca, J.L. Boldrini, Stationary solutions for generalized Boussinesq models , J.

Di erential Equations , 124 (2) 389{406, (1996). —
SR. Oyaraia, T. Qin, D. Schetzau,  An exactly divergence-free nite element method f(gg%tclyde
generalized Boussinesq problem, IMA J. Numer. Anal., 34 1104{1135, (2014).
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The steady-state Boussinesq problem

Main tools for the proof:
@ The fact that u is solenoidal makes the xed-point iterates well-de ned.
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The steady-state Boussinesq problem

Main tools for the proof:
@ The fact that u is solenoidal makes the xed-point iterates well-de ned.
Q Next, t is decomposed as = ty + t;, with ty 2 H3() and t;j = ty, and
the a priori estimate is shown for each xed-point iterate:
o Ckgko.

- kgko; ktlkLs() kr Uko; - ktlkl; ( ot 1):
00 00

1
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The steady-state Boussinesq problem

Main tools for the proof:
@ The fact that u is solenoidal makes the xed-point iterates well-de ned.
Q Next, t is decomposed as = ty + t;, with ty 2 H3() and t;j = ty, and
the a priori estimate is shown for each xed-point iterate:
o Ckgko.

- kgko; ktlkLs() kr Uko; - ktlkl; ( ot 1):
00 00

1

Letty, 2 H %() . Then, forevery"> 0and1 p 6, there exists an
extensiont; 2 H() of ty such thatkt ki ey <™
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The steady-state Boussinesq problem

Main tools for the proof:
@ The fact that u is solenoidal makes the xed-point iterates well-de ned.
Q Next, t is decomposed as = ty + t;, with ty 2 H3() and t;j = ty, and
the 8 priori estimate is shown {or each xed-point iterate:

%1 ktlkLs() gkr Uko; mktlkl (ot 1)
|o 0 { } 00

[N

Letty, 2 Hz() . Then, forevery”> 0and1 p 6, there exists an
extensiont; 2 H() of ty such thatkt ki ey <™
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The steady-state Boussinesq problem

Main tools for the proof:
@ The fact that u is solenoidal makes the xed-point iterates well-de ned.
Q Next, t is decomposed as = ty + t;, with ty 2 H3() and t;j = ty, and
the 8 priori estimate is shown {or each xed-point iterate:

%1 ktlkLS() gkr Uko; mktlkl (ot 1)
|o 0 { } 00

[N

Letty, 2 Hz() . Then, forevery”> 0and1 p 6, there exists an
extensiont; 2 H() of ty such thatkt ki ey <™

© Then applying Brouwer's xed-point Theorem, and a Galerkin method,
the result follows.

uuuuuu
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The stabilised nite element method

The stabilised method: Find (un; pn;tn) 2 P1() d Po()
tfj = ip(tp), and

P1() such that

z z
"(th)f Un:r Va+  Un I UnVh+ Sy(Un;Vh) pndivvp = gty vy,
z X z
chdivup + F o Ipnllh]1=0;
F
b b F2F 4

(th)rth r n+  Up r'th h+ S(th; n)=0;

forall (Vh;ch; n) 2P1() @ Po()  Pi().
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The stabilised nite element method

The stabilised method: Find (un; pn;tn) 2 P1() d Po()
tfj = ip(tp), and

P1() such that

Z z
"(th)f Un:r Va+  Un I UnVh+ Sy(Un;Vh) pndivvp = gty vy,
z X z
Chdivup + F o Ipnlln]=0;
F
7 7 F2F

(th)rth r n+  Up rth ht S(th; n)=0;

forall (vhith; n)2Pi() ¢ Po()  Pi(). Here

@ S, and S; are symmetric, and semi-positive de nite, tipically, grad-div
and CIP, respectively.
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The stabilised nite element method

The stabilised method: Find (un; pn;tn) 2 P1() d Po()
tfj = ip(tp), and

P1() such that

Z Z
"(th)r un:rva+ L (Un;Pn) F UnVn+ Sy(Un;Vh) pndivvy = gty
z x  Z
Ghdivup + F o Ipnllan]=0;
F
7 5 FoF ,

(t)rth 1w+ L (unipn) rth n+ Si(th; n)=0;

forall (vhith; n) 2 Pi() ¢ Po()  Pi(). Here

@ S, and S; are symmetric, and semi-positive de nite, tipically, grad-div
and CIP, respectively.

9 This guarantees that the convective eld fed back to the momeitum and
temperature equations is divergence-free
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The xed-point algorithm

Initial step : We start with (u2; p?) solution of Stokes, andt? any initial
datum.

For every step: Find (up*™;ph™;th**) 2 Pi() ¢ Po()  Pi() such that

th*j =in(tp), and
Z Z
"R uptt irve+ Lo(upsph) ruptt v+ Se(upttivi)
Z Z
phttdivvy = gth vp;
z x  Z
thdivup ™ + oI o] =0;
7 7 F2F

re™ v+ Lupsph) rtptt o+ Sttt n)=0;

forall (vh;th; n)2Pi() ¢ Po()  Pi().
é{i:'igwr:zlyde
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The stabilised nite element method

Remarks on the scheme

© On each step of a xed-point algorithm the linear problem is well-posed,
thanks to the hypotheses on"; , and the solenoidal character of

L (ug;pp)-
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The stabilised nite element method

Remarks on the scheme

© On each step of a xed-point algorithm the linear problem is well-posed,
thanks to the hypotheses on"; , and the solenoidal character of
L (ug;ph)-

@ The xed-point mapping is continuous thanks to the properti es of";
andL ().
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The stabilised nite element method

Remarks on the scheme

@ On each step of a xed-point algorithm the linear problem is well-posed,
thanks to the hypotheses on"; , and the solenoidal character of
L (ufipp)-

© The xed-point mapping is continuous thanks to the properti es of";
andL ().

@ We split th = t.o+ tp.q, with t,.5 2 H&() \ Pi() and t.1 2 Pi()is
such that t,.,j = in(tp). Mimicking the analysis of the continuous
problem we can show that

c? Ckgko

1 . Kth.1kp sy kr upko; Kth,1ky; (o+ 1):
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The stabilised nite element method

Remarks on the scheme

@ On each step of a xed-point algorithm the linear problem is well-posed,
thanks to the hypotheses on"; , and the solenoidal character of

L (up;pp)-

@ The xed-point mapping is continuous thanks to the properti es of";
andL ().

@ We split th = ty.q+ tp.q, With t,.5 2 H&() \ Py() and th.1 2 Pi()is
such that t.,j = in(tp). Mimicking the analysis of the continuous
problem we can show that

0 1

c? Ckgko.
%1 ——kgko, Kt 1kis() §kr unko. 9K tnake (0 F 1)
|O 0 { } 0O0

e N
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Existence result for the discrete scheme

Theorem

Let us assume that the mesh is ne enough, or the boundary datuty is small
enough, such that

C2

—kagko, kthik sy o S
00

Then,

@ there exists a solution(up; pn;th) of the discrete scheme.
@ the hidden velocity eld L (up;pn) is pointwise divergence-free.

uuuuuuuuuuu
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Error analysis

Further hypotheses on the stabilsing terms :
@ Su(viw) = Sy(w;v)and S(; )= S(; ).
Q Sy(v;v) OandS(; ) O.
Q Forall v2H?()and 2 H?2() the following holds:

Su(viv) Ch?kvk3. and S(; ) Ch%k K.
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Error analysis

Further hypotheses on the stabilsing terms :
@ Su(viw) = Sy(w;v)and S(; )= S(; ).
Q Sy(v;v) OandS(; ) O.
Q Forall v2H?()and 2 H?2() the following holds:

Su(viv) Ch?kvk3. and S(; ) Ch%k K.

@ Examples used in our calculations :

8 P R . -
< pkor, K g divvdivw - div-div

Su(viw) = For, F el@VlI@w] CIP ;
-0 zero:
X 4

S(; )= + [@ 1@ I
F2F F

where  h, and + hZ. Siathyde

G.R. Barrenechea (Strathclyde) Petopolis, 2019 36/49



Error analysis

|

Let us suppose that
maxfk gko. ;kukiq . ;ktkeyi . g M;
where M is small enough. Then, the following estimate holds:

k(u up;p pn)kr, + kt  thky, Ch(kuka. + kpki. + ktko. ):

o
T
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Error analysis

|

Let us suppose that
maxfk gko; ;kukyi; jktkyi; g M;
where M is small enough. Then, the following estimate holds:
k(u up;p pn)kr, + kt  thky, Ch(kuka. + kpki. + ktko. ):

Moreover,
( ) 1

X
ju L (Uhiph)ji;K Ch(kukz; + kpkg; + ktka; ):
K 2T

o
T
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Error analysis

Bound on the non-conformity error :

Lemma
Let, forevery 2F\ ,t be any unit vector parallel to . Then, there exists
C > 0, independent ofh, such that

0 1% O 11:2

X 1
@ kKL (upipy) t kZ,(yA Chz@ kip  prKkZ, A
2F\ 2F |

4Allendes, B. and Naranjo: A divergence-free low-order stabilized nite element methoud »
for a generalized steady state Boussinesq problem . Comput. Methods Appl. Mechn. Eﬁii‘:’l,"yde
Engrg. 340 , 90{120 , 2018.
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Numerical results

Data: "(t)=e !, (t)= €&, u(x;y)=(sin( y);cos(x )T, p(x;y) = sin(xy),
t(x;y) = 5cos( xy )-

2. ..

> ® ngzz '> O
\ a4 \ A4

Figure 5: Magnitude of the discrete velocity up (left) and post-processed L (un;pn)
(right). Strathclyde
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Numerical results

Data: "(t)=e !, (t)= €&, u(x;y)=(sin( y);cos(x )T, p(x;y) = sin(xy),
t(x;y) =5cos( xy ).

Figure 5: Discrete pressure (left) and temperature L (un;pn) (right).
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Numerical results

Data: "(t)=e !, (t)= €&, u(x;y)=(sin( y);cos(x )T, p(x;y) = sin(xy),
t(x;y) =5cos( xy ).

10
10° b
10" b
107 ¢
10" b
10° —— v L s
—O— L unipke
k(u up; itoth)k
= = = = Ndofs(1/2) —— « nip o Pt thky
10"
Ndofs(1) = = = = Ndofs(1/2)
10° 10° 10" 10° 10° 100 10t 10° 10° 10" 10° 10° 10’
Ndofs Ndofs

Figure 5: Errors ju L (un;pn)j1:n (left) and total error (right). ‘
é':i;ggri’clyde
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Numerical results

Data: "(t)= e % ()= €, u(xy)=(sin( y);cos(x))T, p(x;y) = sin(xy),

t(x;y) =5cos( xy ).

Ndof 147 335 727 1583 3367 7119
Krr;e%x jdivL (Uun;pn)ik] | 2.64e-16 | 1.8e-16 | 1.25e-16 | 1.39e-16 | 1.94e-16 | 1.11e-16
h
Ndof 14767 30411 62027 125995 254627 513403
Krr;?x jdivL (un;pn)ik] | 8.15e-17 | 8.67e-17 | 3.99e-17 | 6.25e-17 | 4.94e-17 | 3.12e-17
h

Table 1: Maximun absolutele value of the divergence of L (Un;pn)

G.R. Barrenechea (Strathclyde)
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Numerical results

The need forS; 6 0 :

t
htl.2328-01
0.1

hll‘2329701
0.1

b
-1.232e-01

Figure 6: Discrete temperature variable S; = O(left), and CIP stabilization (right),
on a mesh with 32768 elements.
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The cavity problem :
Pr u+u ru+rp=(0;PrRat)T in
divu=0 in
t+u rt=0 in

;1) u=0;@t=0 11
u-= u=0
t=1 t=0

(0;0) u=0;@t=0 (1;0)

Figure 7: Domain and boundary conditions.
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Numerical results

The stabilisation of the velocity e ect

The cavity problem :

Su(;)=0 div-div CIP

Ndof mKaxjdiv Unhjk mKaxjdiv Unhjk mKaxjdiv Unjk
35 26.00 23.1 14.2
107 4.65 4.39 3.79
371 0.808 0.749 0.686
691 0.304 0.262 0.244
1379 0.128 0.119 0.114
5315 0.0164 0.0153 0.0151
10435 0.0063 0.00558 0.00562
41347 0.000804 0.000706 0.000712
82692 0.000283 0.000259 0.00026
164611 0.000103 9e-05 9.05e-05
329220 3.59e-05 3.28e-05 3.29e-05
656900 1.3e-05 1.14e-05 1.14e-05

G.R. Barrenechea (Strathclyde)

Petopolis, 2019
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Numerical results

The cavity problem :

The stabilisation of the velocity e ect

Su(;)=0 div-div CIP

Ndof | maxjdiv L (unipn)ikj | maxjdiv L (un;pn)ixj | maxjdiv L (Un;pn)ik |

35 1.07e-14 2.49e-14 1.24e-14

107 6.22e-15 5.33e-15 1.07e-14

371 3.89%e-15 2.83e-15 3.11e-15

691 1.89e-15 2e-15 2.55e-15

1379 1.72e-15 2.03e-15 1.6e-15

5315 7.22e-16 5.41e-16 6.9e-16
10435 4.58e-16 3.89%e-16 7.49e-16
41347 2.5e-16 3.4e-16 6.11e-16
82692 1.96e-16 2.5e-16 3.97e-16
164611 1.21e-16 1.57e-16 4.69%e-16
329220 1.35e-16 1.67e-16 3.47e-16
656900 9.71e-17 1.36e-16 3.23e-16 @

G.R. Barrenechea (Strathclyde)

Petopolis, 2019
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Numerical results

The cavity problem : Pr =0:71;Ra = 10°. The used mesh contains 8192
elements. We useS,(; )=0.

Figure 8: Pressure(left) and temperature (right). "s"g;;‘;v,;;%
Glasgow
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Numerical results

The cavity problem : Pr =0:71;Ra = 10°. The used mesh contains 8192
elements. We useS,(; )=0.

Figure 8: Resolved solution: mesh with 524,000 elements. g;;;;v,;;%
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Numerical results

The cavity problem : Pr =0:71;Ra = 10°. The used mesh contains 8192
elements. We useS,(; )=0.

Figure 8: Streamlines of uy (left) and L (un;pn) (right). g"‘;;;;v,;'c%
Glasgow

G.R. Barrenechea (Strathclyde) Petopolis, 2019 45/49



Numerical results

The cavity problem : Pr =0:71;Ra = 10°. The used mesh contains 8192
elements. We useS,(; )=0.

Figure 8: Streamlines of uy (left) and L (un;pn) (right). g"‘;;;;v,;'c%
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Numerical results

The cavity problem : Pr =0:71;Ra=10". The used mesh contains 8192
elements. We useS,(; )=0.

Figure 9: Resolved solution: mesh with 524,000 elements. iﬁg’i’clyue
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Numerical results

The cavity problem : Pr =0:71;Ra=10". The used mesh contains 8192
elements. We useS,(; )=0.
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Numerical results

The cavity problem : Pr =0:71;Ra=10". The used mesh contains 8192
elements. We useS,(; )=0.

Figure 9: Streamlines of uy (left) and L (un;pn) (right). g;;;;v,;;%
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Numerical results

The averaged Nusselt number:

The cavity problem :

z

G.R. Barrenechea (Strathclyde)

Petopolis, 2019

—_— @
Nu = N h Nu = Uyt —:
u u where Nu = uy @x
Ra Nuc Nun. | Chamn et.al. | Vahl-Davis | Massarotti | Manzari
10° | 1117 | 1:117 1:118 1:118 1:117 1:074
10" | 2:240 | 2:241 2:245 2:243 2:243 2:084
10° | 4:499 | 4:504 4:524 4:519 4:521 4:300
1°F | 8701 | 8719 8:852 8:800 8:806 8:743
10" | 16:489 | 16:491 16:789 16:400 13:99
é{iiwmlyde

47149



Conclusions and perspectives

@ A new low-order stabilised nite element method.

@ A hidden div-free velocity eld is found and hard-wired into the de nition
of the method.

@ Viscosity-independent estimates for the Navier-Stokes agation (no
stabilisation; no rewriting of the convective term).

@ The hidden solenoidal velocity recovers features of the sotion that are
not present in the continuous polynomial part.

© Advantages of a non-conforming method for the price of a comfrming one.

universityof
Strathclyde
Glasgow

G.R. Barrenechea (Strathclyde) Petopolis, 2019 48/49



Conclusions and perspectives

Future extensions:
@ A posteriori error estimates:
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Conclusion d perspectives

Future extensions:
@ A posteriori error estimates:
@ Non-Newtonian ows.
o Linear Algebra issues.

Universityof
Strathclyde
Glasgow

G.R. Barrenechea (Strathclyde) Petopolis, 2019 49/49



