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WIAS Berlin Lok

e \\eierstrass Institute of Applied Analysis and Stochastics
o goal: project-oriented research in Applied Mathematics
e founded 1992 as successor of the Mathematical Institute of the Academy of
Science of the G.D.R.
member of the
~ 120 researchers in eight research groups
situated in the center of Berlin

has been hosting permanent office of the International Mathematical Union (IMU)
since 2011
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Outline of the Lectures

The Navier-Stokes Equations as Model for Incompressible Flows
Finite Element Spaces for Linear Saddle Point Problems

Finite Element Error Analysis of the Stokes Equations
Stabilizing Non Inf-Sup Stable Finite Elements

On Mass Conservation and the Divergence Constraint
Stabilizing Dominant Convection for Oseen Problems

The Stationary Navier-Stokes Equation

The Time-Dependent Navier-Stokes Equations - Analysis

The Time-Dependent Navier-Stokes Equations — Schemes

S -l I~ -  ~  —

Outlook: Simulation of Turbulent Flows
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Literature

it Bemen Methds o comprs el Prtems

Methods for
Incompressible
Flow Problems

&) Springer

2016

Xxiii+812 pages

most of the book taught to master students (three semester course)
extensive review: SIAM Review 60(1), 2018
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1. The Navier—Stokes Equations as Model
for Incompressible Flows
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1 A Model for Incompressible Flows

e conservation laws
o conservation of linear momentum
o conservation of mass
e flow variables
o p(t,x) : density [k&/m?]
o v(t,x) : velocity [m/s]
o P(t,x) :pressure [N/m?]
assumed to be sufficiently smooth in
e QCR?
e [0,7]
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1 Conservation of Mass

e change of fluid in arbitrary volume w

—%/pdw: /pv~nds :/V-(pv)d:c

w dw w
—— ————
mass transport through bdry

e w arbitrary == continuity equation
Op+V-(pv)=0

e incompressibility (o = const)
V-v=0

Finite El Methods for || pressible Flow Problems - LNCC, Petropolis, February 25 - 28, 2019 - Page 9 (305)




1 Newton’s Second Law of Motion

e Newton’s second law of motion

net force = mass X acceleration
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1 Newton’s Second Law of Motion

e Newton’s second law of motion
net force = mass X acceleration

e conservation of momentum: linear momentum in an arbitrary volume w is given by

/wpv(t,:c) dx [Ns]

o formulation analogously to conservation of mass

polt, @) dz = — /8 (pv) (v m) (t,5) ds + / Foat(t,) daz [N]

w

dt J,
with
V1VIN + V1VaNg + V1U3N3

VaU1MN1 + VaVUN2 + VU3N3 =vvn
V3V1N1 + V3V2N9 + V3VU3N3

v(v-n)
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1 Newton’s Second Law of Motion

e conservation of momentum

o integration by parts

/ (0 (pv) + V - (pvv?)) (t,2) da = / Foet(t,x) dz
o product rule

/ (0epv + pOyv + vV Vp + p(V - v)v + p(v - V)v) (t, ) dr

_ / Foee(t, @) da
)

o pisconstant(= V- -v =0

/wp(at'u + (v-V)v) (t,x) de = / Foet(t, ) do

w
o w arbitrary
P (0w + (v V) = fry Vi€ (0,T], & eQ
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1 Newton’s Second Law of Motion

e acting forces on an arbitrary volume w:
sum of external (body) forces
o gravity
and internal (molecular) forces
o pressure
o viscous drag that a 'fluid element’ exerts on the ‘adjacent element’
o contact forces: act only on surface of ’fluid element’

/' F(t,x) dx + / t(t,s)ds
Jw Jw

t [N/m?] — Cauchy stress vector
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1 Newton’s Second Law of Motion

e acting forces on an arbitrary volume w:
sum of external (body) forces
o gravity
and internal (molecular) forces
o pressure
o viscous drag that a 'fluid element’ exerts on the ‘adjacent element’
o contact forces: act only on surface of ’fluid element’

/ F(t,x) (/rr:—i—/ t(t,s)ds
Jw Jw

t [N/m?| — Cauchy stress vector
e principle of Cauchy: internal contact forces depend (geometrically) only on the
orientation of the surface
t=t(n)

7 — unit normal vector of the surface pointing outwards of w
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1 Newton’s Second Law of Motion

e it can be shown: conservation of linear momentum results in linear dependency

onn
t=Sn

S(t, x) [N/m?] - stress tensor, dimension 3 x 3
e divergence theorem

/(swt(t,s) ds:/wVS(t,m) dx

e momentum equation

p(Ov+(v-V)v)=V-S+F Vte(0,T],z€
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1 Newton’s Second Law of Motion

o model for the stress tensor

o torque
Mgz/erd:c+/ r X (Sn) ds [Nm]
w Ow

at equilibrium is zero = symmetry S = ST
o decomposition

S=V+PI

V [N/m?] - viscous stress tensor
o pressure /7 acts only normal to the surface, directed into w

—/ Pnds:—/VPda::—/V'(P]I)dw
ow w w
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1 Newton’s Second Law of Motion

e model for the stress tensor (cont.)
o viscous stress tensor
— friction between fluid particles can only occur if the particles move with
different velocities
— == viscous stress tensor depends on gradient of velocity
— because of symmetry: on symmetric part of the gradient: velocity
deformation tensor
Vo + (Vo))"
N 2
— velocity not too large: dependency is linear (Newtonian fluids)

D (v)

VzZMD(v)—i—( _2;) (Vo)1

t [k8/m s] — dynamic or shear viscosity
¢ [%&/m s] — second order viscosity

Finite El Methods for || pressible Flow Problems - LNCC, Petropolis, February 25 - 28, 2019 - Page 15 (305)



1 Navier-Stokes Equations

e general Navier—Stokes equations
p (0w + (v-V)v)

=2V (uD (v)) =V - (((=2)V-ol)+VP = F in(0,T] xQ,
Op+V-(pvr) = 0 in(0,7T]xQ
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1 Navier-Stokes Equations

e general Navier—Stokes equations

p (0w + (v-V)v)
=2V (uD (v)) =V - (((=2)V-ol)+VP = F in(0,T] xQ,
Op+V-(pvr) = 0 in(0,7T]xQ

e incompressible flows: incompressible Navier—Stokes equations

P F
6t'v—21/V-]D>('u)+('u-V)v—|—Vp— = o in (0,T] x Q,
0 0
Vv = 0 in(0,7]xQ
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1 Navier-Stokes Equations

e Claude Louis Marie Henri Navier (1785 — 1836)
George Gabriel Stokes (1819 — 1903)
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1 Dimensionless Incompressible Navier-Stokes Equations

e dimensionless equations needed for (numerical) analysis and numerical
simulations

e reference quantities of flow problem
o L [m] —a characteristic length scale (diameter of a channel, diameter of a
body in the flow)
o U [m/s] - a characteristic velocity scale (inflow velocity)
o T™* [s] — a characteristic time scale (period in periodic flows)
e transform of variables

L U’ T+
e rescaling
L 2v P L .
Watu— ﬁVD(U)‘F(UV)U"‘vaUZ = p0U2F n (O,T} X Q,
V-u = 0 in (0,7] x Q
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1 Dimensionless Incompressible Navier-Stokes Equations

e defining

P UL L
pP= poU?’ v
P — new pressure
Re — Reynolds number
St — Strouhal number
J — new right-hand side
e result

2
St@tu—%V~D(u)+(u-V)u+Vp =
V-u =

e generally T* = L/U = St=1

in (0,T] x Q,
in (0,7] x Q
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1 Dimensionless Incompressible Navier-Stokes Equations

e dimensionless Navier—Stokes equations
o conservation of linear momentum
o conservation of mass

Ou—2Re 'V -D(u)+ V- (uwu?)+Vp = f in(0,7] %%,
V-u = 0 in(0,7] x Q,
u(0,2) = wug inQ

+ boundary conditions

e given: e to compute:
d . ; . .
o QCR%d e {2,3}: domain o velocity u, with
o T final time -
o f:external forces D(u) = M’
o wuyg: initial velocity 2
o boundary conditions velocity deformation tensor
e parameter: Reynolds number Re O pressure p
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1 The Reynolds Number

e Reynolds number

LU
12
convective forces

Re =

viscous forces

Osborne Reynolds (1842 — 1912)
e rough classification of flows:
o Re small: steady-state flow field (if data do not depend on time)
o Re larger: laminar time-dependent flow field
o Re very large: turbulent flows
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1 Dimensionless Incompressible Navier-Stokes Equations

e simplified form (for mathematics)
Ou—2vV -D(u)+ (u-V)u+Vp = f in(0,T] xQ,
V-u = 0 in(0,7] xQ

1

v = Re™ " — dimensionless viscosity
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1 Dimensionless Incompressible Navier-Stokes Equations

e simplified form (for mathematics)

Ou—2vV -D(u)+ (u-V)u+Vp = f in(0,T] xQ,
V-u = 0 in(0,7] xQ

1

v = Re™ " — dimensionless viscosity

e alternative expression of viscous term (due to V - u = 0)
2V - D (u) = Au
e alternative expression of convective term (dueto V - u = 0)

(u-V)u=V-(uul)
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1 Incompressible Navier-Stokes Equations

e special cases
o steady-state Navier—Stokes equations: stationary flow fields

—vAu+ (u-Vu+Vp = f inQ,
Vu = 0 inQ
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1 Incompressible Navier-Stokes Equations

e special cases
o steady-state Navier—Stokes equations: stationary flow fields

—vAu+ (u-Vu+Vp = f inQ,
Vu = 0 inQ

o Oseen equations: convection field known (appears in numerical algorithms, for
analysis)

—vAu+ (ug-V)u+Vp+cu = f inQ,
Viu = 0 inQ
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1 Incompressible Navier-Stokes Equations

e special cases
o steady-state Navier—Stokes equations: stationary flow fields

—vAu+ (u-Vu+Vp = f inQ,
Vu = 0 inQ

o Oseen equations: convection field known (appears in numerical algorithms, for
analysis)

—vAu + (ug - V)u+ Vp+ cu f inQ
Viu = 0 inQ

o Stokes equations: no convection (appears in numerical algorithms)

—Au+Vp = f inQ,
Vu = 0 inQ

Finite El Methods for || pressible Flow Problems - LNCC, Petropolis, February 25 - 28, 2019 - Page 23 (305)




1 Incompressible Navier-Stokes Equations

e boundary conditions

o Dirichlet boundary conditions (inflows)
u(t,z) =g(t,x) in (0,7)x Ty CT
g(t,x) = 0 - no slip boundary condition (walls)
u(t,z) =0 < u(t,z) n=0, u(t,x) -t;1 =0, u(t,z) - t2=0

no penetration, no slip
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1 Incompressible Navier-Stokes Equations

e boundary conditions

o Dirichlet boundary conditions (inflows)
u(t,z) =g(t,x) in (0,7)x Ty CT
g(t,x) = 0 - no slip boundary condition (walls)
u(t,z) =0 < u(t,z) n=0, u(t,x) -t;1 =0, u(t,z) - t2=0

no penetration, no slip
o free slip boundary condition (e.g., symmetry planes)

u-n = g in(0,T] xTgyp CT,
n'Sty, = 0 in(0,T] xTaip, 1<k<d—1

g = 0 —no penetration
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1 Incompressible Navier-Stokes Equations

e boundary conditions (cont.)

o do-nothing boundary conditions (outflow)

Sn=0in (0,7] x Toyy C T
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1 Incompressible Navier-Stokes Equations

e boundary conditions (cont.)

o do-nothing boundary conditions (outflow)
Sn=0in (0,7] x Toyy C T
o periodic boundary conditions (only for analysis, £ = (0, l)d)

u(t,z +le;) =u(t,x) V(t,z) € (0,T)]xT
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1 Incompressible Navier-Stokes Equations

e difficulties for mathematical analysis and numerical simulations
o coupling of velocity and pressure
o nonlinearity of the convective term
o the convective term dominates the viscous term, i.e., v is small
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2. Finite Element Spaces for
Linear Saddle Point Problems
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2 Linear Saddle Point Problems

e motivation
o iterative solution of Navier—Stokes equations leads to linear systems of
equations
o linear systems have special form: saddle point problem (no pressure
contribution in second equation)
o sufficient and necessary condition on unique solvability needed
o can be derived in abstract form, see [1,2]

[1] Girault, Raviart: Finite Element Methods for Navier-Stokes Equations 1986

[2] J.: Finite Element Methods for Incompressible Flow Problems 2016, Chapter 3.1
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2 Linear Saddle Point Problems

e spaces: V, () — real Hilbert spaces
e bilinear forms:

a(,) : VxV =R, b)) :VxQ—R
e linear problem: Find (u, p) € V' x @ such that for given (f,r) € V' x Q'

a(u,v) +b(’l]7p) = <f7 /U>V’7V V’U € Vvv
b(u7 q) = <Ta Q>Q’,Q v q € Q

e conditions on the spaces and bilinear forms necessary
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2 Linear Saddle Point Problems zﬁ@

e associated linear operators

AeL(V,V') definedby (Au,v)y, y =a(u,v) Yu,veV
BeL(V.Q) definedby (Bu,q)q q="0uq) YueV,YqeQ

e dual operator: B’ € L(Q, V") defined by
<B/q7 /U>V’,V = <vaq>Q’,Q = b(U,q) V’U € ‘/a vq € Q
e linear problem in operator form: Find (u, p) € V' x @ such that

Au +B'p = f inV/,
Bu = r in@
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2 Well-Posedness of a Finite-Dimensional Problem

e for finite-dimensional spaces, problem can be written in matrix-vector form

A BT (u = ! A BT e R(nv+ne)x(nv+nq)
B 0 P 0/’ B 0 ’

unique solution <= matrix has full rank

e necessary condition: 1.¢) < 1y
o last rows of the system matrix span space of at most dimension ny,

e assume that A is non-singular, then the system matrix is non-singular if and only if
B has full rank, i.e., rank(B) = ng

o rank(B) = ng if and only if

. v BTq
inf sup

— = >8>0
gER™R\0 yeRmV \0 ||£||2 HQHz

o proof much simpler as for infinite-dimensional case, board p. 29
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2 The Inf-Sup Condition - Bilinear Form b(-, -)

e spaces
o Vo:=V(0)=ker(B), V=Vt
oV ={pecV": (g v}y y =0VveV}CV’

e inf-sup condition: The three following properties are equivalent:
i) There exists a constant 3is > 0 such that

b(v,
inf sup ﬂ 2 Dis-
q€Q eV HUHV HQHQ

ii) The operator B’ is an isomorphism from () onto V' and
||BIQ||V/ > Bis ||Q||Q VqeQ.
i) The operator B is an isomorphism from VOL onto ' and

|Bullg > Bislvlly, Voe Vg
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2 The Inf-Sup Condition - Bilinear Form b(-, -)

e derived in [1]
e related condition derived already in [2]: Babuska—Brezzi condition
e sometimes: Ladyzhenskaya—Babu$ka—Brezzi condition, LBB condition

[1] Brezzi: Rev. Francaise Automat. Informat. Recherche Opérationnelle Sér. Rouge 8, 129-151, 1974

[2] Babu$ka: Numer. Math. 16, 322-333, 1971
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s

2 Unique Solution of Linear Saddle Point Problem

e sufficient and necessary conditions for unique solution of saddle point problem
can be formulated with projection operator, see [1]
o sufficient conditions

o al-,-)is Vy-elliptic, i.e., there is a constant o > 0 such that
a(v,v) > « ||v||%, Yvely

o b(-,-) satisfies inf-sup condition

[1] J.: Finite Element Methods for Incompressible Flow Problems 2016, Chapter 3.1
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2 Continuous Incompressible Flow Problems

e for simplicity: Dirichlet boundary conditions on whole boundary
e velocity space

V=Hj(Q)={v : veH (Q)withv=00n0Q}

with
(v, w) = / (Vo Vw) (@) dz, o]l = Vo]

dual space: V' = H~1(Q)
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2 Continuous Incompressible Flow Problems

e for simplicity: Dirichlet boundary conditions on whole boundary
e velocity space

V=Hj(Q)={v : veH (Q)withv=00n0Q}

with
(v, w) = / (Vo Vw) (@) dz, o], = Vo]0

dual space: V' = H~1(Q)
e pressure space

Q=12(0) = {q Cae 2@ [ g(e) do - o}

with

(a,7) = / (@) @) dz, Nlallg = llall e

Q
e dual space: Q' = Q
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2 Continuous Incompressible Flow Problems

e bilinear form for coupling velocity and pressure

b(%‘l)z—/gqvmdw:—(v-v,q) veV,ge@
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2 Continuous Incompressible Flow Problems

e bilinear form for coupling velocity and pressure

b(v,q):—/qV-vdm:—(V-v,q) veV,qgeq
Q
e divergence operator

div : V — range(div), v+~ V- v

e it can be shown: range(div) = @’
e associated linear operator: negative divergence operator

Be L(V,Q), B=—div
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2 Continuous Incompressible Flow Problems

e dual operator: gradient operator
grad : @ — range(grad), ¢+~ Vg

with
B € L(Q,V'), B'=grad
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2 Continuous Incompressible Flow Problems

e dual operator: gradient operator
grad : @ — range(grad), ¢+~ Vg

with
B € L(Q,V'), B'=grad

e kernel of B: space of weakly divergence-free functions

Vo=Vaw={veV :(V-v,q)=0VqeQ}
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2 Continuous Incompressible Flow Problems

e estimating divergence by gradient
IV vllp2q) < \/avaHLQ(Sl) VueHY(Q)

o proof: board, p. 45
o estimate is sharp
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2 Continuous Incompressible Flow Problems

e estimating divergence by gradient

IV vllp2q) < \/ZlevHLQ(SZ) VueHY(Q)
o proof: board, p. 45
o estimate is sharp

e estimating divergence by gradient

IN

IV -]l 20

o proof: based on identity

IVoll2) Vo€ Hy(Q)

—Av=—-V (V-v)+rotrot v

and integration by parts
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2 Continuous Incompressible Flow Problems

e estimating divergence by gradient

IV vllp2q) < \/ZlevHLZ(Sl) VueHY(Q)
o proof: board, p. 45
o estimate is sharp
e estimating divergence by gradient
IV vl 20y < IVl Vo€ Hy(9)
o proof: based on identity
—Av=—-V (V-v)+rotrot v
and integration by parts

e boundedness and continuity of b(-, )

b(v, )| < [lvlly llallg
o proof: board, p. 47
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2 Continuous Incompressible Flow Problems

e one can show: div is an isomorphism from V- onto @
e corollary: each pressure is the divergence of a velocity field:
for each ¢ € @ there is a unique v € Vi, C V such that

Vev=gq and |gllg <llvly, vl <Cllalg

with C' independent of v and ¢
o proof: board, p. 50
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2 Continuous Incompressible Flow Problems

e one can show: div is an isomorphism from V- onto @
e corollary: each pressure is the divergence of a velocity field:
for each ¢ € @ there is a unique v € Vi, C V such that

Vev=gq and |gllg <llvly, vl <Cllalg

with C' independent of v and ¢
o proof: board, p. 50
e V and () satisfy the inf-sup condition, i.e., there is a 35 > 0 such that

. Vv,
inf sup ﬂ > Bis
1€Q vev ||vly llallg

o proof: board, p. 51
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Lt

2 FE Spaces for Incompressible Flow Problems

e idea: replace infinite-dimensional spaces V' and () by finite-dimensional spaces
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2 FE Spaces for Incompressible Flow Problems

e idea: replace infinite-dimensional spaces V' and () by finite-dimensional spaces
o finite element spaces

o V" —finite element velocity space

o Qh — finite element pressure space

o V"/Q" - pair
e conforming finite element spaces: V" € V and Q" C Q
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2 Finite Element Spaces for Incompressible Flow Problems

e bilinearforma” : VP x VP - R
a (vh,wh) = Z (Vvh,th)K ifff' (Vvh,th)
KeTh o

o T —triangulation of Q
o K € Th" —mesh cells
e bilinearform b : V" x Q" - R

b (v g") == DD (Vo) T (Vo)
KeTh -
e norm in velocity finite element space

2 if conf.
[0 = (0" 0") = 3 (T, Toh) = (o, V)
KeTh
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2 The Discrete Inf-Sup Condition

e discrete inf-sup condition needed (finite-dimensional spaces are Hilbert spaces)
ph (Uh7 qh)

inf sup > ﬂih >0
€@\ {0} yrevifoy V" lvn 14"l L2 (o °

o not inherited from inf-sup condition fulfilled by V" and ()
o discussion: board, p. 53
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2 Discretely Divergence-Free Functions

space of discretely divergence-free functions
Vd}ivz{'uhEVh : bh( h h)—OVq GQh}

o generally very hard to construct

generally V. dw 7 Vaiv
o finite element velocities not weakly or pointwise divergence-free

o conservation of mass violated == Chapter 5

best approximation estimate for V! . Let v € Vg, and let the discrete inf-sup
condition hold, then

. 1 .
int [ =)y < (1 55 ) int, 9 (o= )]

for certain pairs of finite element spaces estimate with local inf-sup constant [1]

[1] Girault, Scott; Calcolo 40, 1-19, 2003

Finite El is for I ible Flow Problems - LNCC, Petropolis, February 25 - 28, 2019 - Page 43 (305)

p



2 Finite Elements

e piecewise constant finite elements Py, (Qo)

ag
@1 ‘\/-\ t
[

one degree of freedom (d.o.f.) per mesh cell
e continuous piecewise linear finite elements Py

a3
a1 ‘\-/\_ }
@3

d d.o.f. per mesh cell
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2 Finite Elements

e continuous piecewise quadratic finite elements P

a1z
@y

(d+1)(d +2)/2 d.of. per mesh cell
e continuous piecewise bilinear finite elements ()1

/ /
. ) / /

o o

27 d.0.f. per mesh cell
e and so on for continuous finite elements of higher order
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2 Finite Elements

e nonconforming linear finite elements P, Crouzeix, Raviart (1973)

@13

continuous only in barycenters of faces

d + 1 d.o.f. per mesh cell
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2 Finite Elements

e rotated bilinear finite element Q1°", Rannacher, Turek (1992)

o continuous only in barycenters of faces

o 2d d.o.f. per mesh cell
e discontinuous linear finite element Pyl

o defined by integral nodal functionals

e.g., " € Pliscif oM is linear on a mesh cell K (2d) and
h _ h _ h _
/ ¢"(x) de =0, / z"(x) de =1, / yp'(xz) de =0
K K K
o d+ 1d.o.f. per mesh cell
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2 FE Spaces Violating the Discrete Inf-Sup Condition zﬁ@

e criterion for violation of discrete inf-sup condition: there is non-trivial qh S Qh
such that
b (v, ¢") =0 Vot evh

—
bh ( h h)
sup —= =0
vheVh\{0} v ||Vh
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2 FE Spaces Violating the Discrete Inf-Sup Condition

e criterion for violation of discrete inf-sup condition: there is non-trivial qh S Qh

such that
b (v, ¢") =0 Vot evh

v (vh, gt
sup 7(,1 1 ) =0
vheVh\{0} v ||Vh
e P /P pair of finite element spaces violates discrete inf-sup condition
o counter example: checkerboard |nstab|I|ty, board p 63

1 —1 0 1 -1 0 1
1 -1 0 -1

0 1 0 0
0 1 -1 1

-1 0 -1 -1
-1 a 1 -1 1
1 -1 0 0
0 1 -1 o 1 1 0 -1 0 1
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2 FE Spaces Violating the Discrete Inf-Sup Condition

e other pairs which violated discrete inf-sup condition
o Pi/Py
o Q1/Qo
o Py/Pyk>1
o Qr/Qr, k>1
o Py/PdisS, k > 2, on a special macro cell
e summary:
o many easy to implement pairs violate discrete inf-sup condition
o different finite element spaces for velocity and pressure necessary
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2 FE Spaces Satisfying the Discrete Inf-Sup Condition

e pairs which fulfill discrete inf-sup condition

e}

e}

Py /Pr_1, Q1 /Qr—1: Taylor-Hood finite elements [1]

— proofs: 2D, k = 2 [2], general [3,4]

Qr/ P

Pk/P,;hff, k > d, on very special meshes (Scott—Vogelius element)
PPUbPIe /P MINI element

Pkbubble/Plslisi: [5]

PpP¢/ Py, Crouzeix—Raviart element [6]

Q'°'/Q, Rannacher—Turek element [7]

[1] Taylor, Hood; Comput. Fluids 1, 73-100, 1973

[2] Verfirth; RAIRO Anal. Numér. 18, 175-182, 1984

[3] Boffi; Math. Models Methods Appl. Sci. 4,223-235, 1994

[4] Boffi; SIAM J. Numer. Anal. 34, 664-670, 1997

[5] Bernardi, Raugel; Math. Comp. 44, 71-79, 1985

[6] Crouzeix, Raviart; RAIRO. Anal. Numér. 7, 33-76, 1973

[7] Rannacher, Turek; Numer. Meth. Part. Diff. Equ. 8, 97-111, 1992
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2 FE Spaces Satisfying the Discrete Inf-Sup Condition

e techniques for proving the discrete inf-sup condition
o construction of Fortin operator [1]
o using projection to piecewise constant pressure [2]
o macroelement techniques [3,4]
o criterion from [5] for continuous finite element pressure: to show

1/2
h _h
b(v™, q") 9 hl2 h h
sup W > B2 E hi qu' 12 (K) Vq'e®
vheVh\{0} \% KeTh
o survey in [6]
[1] Fortin; RAIRO Anal. Numér. 11, 341-354, 1977
[2] Brezzi, Bathe; Comput. Methods Appl. Mech. Engrg. 82, 27-57, 1990
[3] Boland, Nicolaides; SIAM J. Numer. Anal. 20, 722-731, 1983
[4] Stenberg; Math. Comp. 32, 9-23, 1984
[5] Verfurth; RAIRO Anal. Numér. 18, 175-18, 1984
[6] Boffi, Brezzi, Fortin; Lecture Notes in Mathematics 1939, Springer, 45-100, 2008
Finite El Methods for || pressible Flow Problems - LNCC, Petropolis, February 25 - 28, 2019 - Page 51 (305) ”A o



2 Fortin Operator

e connection between the continuous and the discrete inf-sup condition
o let V, @ satisfy the continuous inf-sup condition
oletVhCcVandQ" c Q
o = V"and Qh satisfy the discrete inf-sup condition if and only if there exists
a constant 7h > 0, independent of h, such that for all v € V there is an
element P2 v € V" with

b(v,q") =b(Phv,q") V" e€Q" and ||Phvl, <" vl

o proof <=: board p. 73
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2 Fortin Operator

e general approach for constructing Fortin operator
P e L(V,VM) v Plv+ P (v— Plhow)

with
o Pl - Clément operator (modification which preserves homogeneous
Dirichlet boundary conditions)

||P2h'v||H1(K) S C (hl_(l ||v||L2(K) + |U‘H1(K)) 5 VK S Th, Yo S Vv

e used to prove, e.g., inf-sup condition for MINI element /7 ¢ \"}l.ﬁh//)l [11,

e Fortin operator approach can be extended to Crouzeix—Raviart element "¢ / I
and Rannacher—Turek element Q1°* /Qq

[1] Arnold, Brezzi, Fortin; Calcolo 21, 337-344, 1984
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2 Macroelement Techniques z'ﬂ“@

goal: reduce proof of global inf-sup condition to proof of local inf-sup conditions
Boland, Nicolaides (1983)

o Qi/PYs¢, k > 2 (unmapped [1], mapped [2])

Stenberg (1984)

o Taylor—-Hood Py, /Pi—1, Qr/Qr—1, k > 23]

o unmapped Qs /P¢ in 2d [4]

o Scott-Vogelius P/ P{isS, k > 3, in 3d on barycentric meshes [5]

general theory for both approaches somewhat technical

[1] Girault, Raviart; Springer-Verlag, 1986

[2] Matthies, Tobiska; Computing 69, 119-139, 2002
[3] Stenberg; Math. Comp. 54, 495-508, 1990

[4] Stenberg; Math. Comp. 32, 9-23, 1984

[5] Zhang; Math. Comp. 74, 543-554, 2005
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2 Computing the Discrete Inf-Sup Constant z"“@

e from Riesz representation theorem: there is v;} € V" such that for fixed qh € Qh
h o,k h (., h h h h
('vb,'v )thb (v,q) Vo'eV

o it follows for all v" € V"

b (,Uh qh)
h(,,h _h h h ’ h
o (v".q") < [lop |y V"l = vhesVu'R{o} [0" [ < vy
e supremum is attained, since
b (05, q") h v (v".q")
_ L = 2 — —_
Torlr el R tve A
o it follows
2 2
(5" = inf sup O ") inf o2l
1s

e\ {0} previ(oy [0 [ g5 " e@\0b [lgh]7,
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2 Computing the Discrete Inf-Sup Constant

® equip spaces with bases = Gramian matrices

- (((ﬁ?’(b?)vh)j::f Mo = (( ?’¢?)Qh)$:1

and bilinear forms and norms
(vh0") o =87 MEw, 0 (o, a") =" BTq, ok, =6 MED
e one obtains from Riesz condition
V'MPv=v"BTq <= v"Myb=v"BTq VveR

from what follows that

Myb=B"q = b=M;'B"q
e inserting in discrete inf-sup condition
I 2 bTMTb . q" BMyTMI M, BT q
(31;) = inf inf = T =
geRNa\{0} ¢ M  gerNa\{0} q' Mgq
TBM 'BTq

= in
geRNa\{0} 71 ]\[57
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2 Computing the Discrete Inf-Sup Constant

e My, and M are symmetric and positive definite
(QTMgz/z) (M631/2BM‘;T/2) (M;1/2BTMC;T/2) <Mg/2q)

(1) () -

= Rayleigh quotient
e infimum is smallest eigenvalue of

(M51/2BM‘;T/2> (M;1/2BTM65T/2) (Mg/Zq) — (Mg/zg)

or (multiply with M2/ %)
BMy;'B"q = AMqq

e discrete inf-sup constant is square root of smallest eigenvalue of this generalized
eigenvalue problem
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3. Finite Element Error Analysis of the Stokes Equations
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3 Stokes and Scaled Stokes Equations

e continuous equation
—Au+Vp = f inQ,
Vu = 0 inQ
for simplicity: homogeneous Dirichlet boundary conditions
e difficulty: coupling of velocity and pressure
® properties
o linear

o form
—vAu+Vp = f inQ,
V-u = 0 inQ

becomes (1) by rescaling with new pressure, right-hand side
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3 Finite Element Discretization

e finite element problem: Find (u”, p) € V" x Q" such that

ah( )—i—bh( h h) = (f,vh) Vol e VR,
ph ( h h) = 0 v qh c Qh
with
ah (vh,'wh) = Z (V'v ,th) bh( h,qh) Z (V v, q )
KeTh KeTh
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3 Finite Element Discretization

e finite element problem: Find (u”, p) € V" x Q" such that

ah( )—i—bh( h h) = (f,vh) Vol e VR,
bh( h h) = 0 thEQh
with
al (vh,'wh) = Z (V'vh,th)K, bl (vh,qh) = — Z (V'vh,qh)K
KeTh KeTh

e only conforming inf-sup stable finite element spaces
o VP CcVandQ" c Q

o
bh h’ qh
inf sup ( ) > B{; >0
" €QM\{0} yrevi\foy 10" lyn 14" 12 (a)
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3 Finite Element Analysis

e existence and uniqueness of a solution
o apply theory of linear saddle point problems
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3 Finite Element Analysis

e existence and uniqueness of a solution
o apply theory of linear saddle point problems
e stability

2
Hvuh||[,2(g) S Hf”H—l(Q) 9 ||thL2(Q) S ﬁ_f; ”f”H—l(Q)

o proof: same as for continuous problem, board, p. 139
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3 Finite Element Analysis

e existence and uniqueness of a solution
o apply theory of linear saddle point problems
e stability

2
HvuhHLz(Q) < H.f”H*l(Q)’ ||thL2(Q) < E}; ||f”H*l(Q)

o proof: same as for continuous problem, board, p. 139
e goal of finite element error analysis: estimate error by best approximation errors
o best approximation errors depend only on finite element spaces, not on
problem
o estimates for best approximation errors are known (interpolation errors)
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3 Finite Element Analysis

e existence and uniqueness of a solution
o apply theory of linear saddle point problems
e stability

2
HvuhHLz(Q) < H.f”H*l(Q)’ ||thL2(Q) < E}z ||f”H*l(Q)

o proof: same as for continuous problem, board, p. 139
e goal of finite element error analysis: estimate error by best approximation errors
o best approximation errors depend only on finite element spaces, not on
problem
o estimates for best approximation errors are known (interpolation errors)

e reduction to a problem on the space of discretely divergence-free functions

o (u", ") = (Vul, Vo) = (f,0) Vo' € Vi,
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3 Finite Element Error Analysis

e finite element error estimate for the L?(£2) norm of the gradient of the velocity

o € C R% bounded, polyhedral, Lipschitz-continuous boundary
o general case: \({:\ Z Vaiv
h . h
[V (u—u )||L2(Q) = thlenxi,? [V(u—v )HLz(Q)
div
+ inf [jp—¢"|

qheQh L2(Q)
o proof: board, p. 146/147
o velocity error (bound) depends on pressure
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3 Finite Element Error Analysis

e finite element error estimate for the L?(£2) norm of the gradient of the velocity
Q c R?, bounded, polyhedral, Lipschitz-continuous boundary

[¢]

o

general case: VI ¢ Viiy

[V =y < 2,00, [V =2z
+qhilelgh p_qhHL2(sz)

o m board, p. 146/147

o velocity error (bound) depends on pressure
e polyhedral domain in three di-

mensions which is not Lipschitz- ‘ ’

continuous
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3 Finite Element Error Analysis

e finite element error estimate for the L?(£2) norm of the pressure
o same assumptions as for previous estimate

2 .
i, IV
18 div

2 .
+ (1 + W) thggh ||P - qhHLz(Q)

is

Hp_thL2(Q) = ”h)HLz(Q)

o proof: board, p. 149
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3 Finite Element Error Analysis

e error of the velocity in the L?(£2) norm
o by Poincaré inequality not optimal

[ u - uhHLz(Q) < C[V(u- uh)”L2(Q)
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3 Finite Element Error Analysis

e error of the velocity in the L?(£2) norm
o by Poincaré inequality not optimal

[Ju— uh||L2(Q) < C[V(u- “h)||L2(Q)

e regular dual Stokes problem: For given f & L2(()), find ((]5}-,5}-) €V x @ such

that N
—A¢}+V§} = f inQ,

Vig; = 0 inQ
o regular if mapping
(67:61) = —20; + V¢
is an isomorphism from (HZ(Q) NV) x (H*(Q2) N Q) onto L?(92)

o T of class C?
o bounded, convex polygons in two dimensions
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3 Finite Element Error Analysis

e finite element error estimate for the L?(£2) norm of the velocity
o same assumptions as for previous estimates
o dual Stokes problem regular with solution (qb}, 5})

Hu_uh”m(sz)

< (IV =) gy + it o))

1 1 N
X sup ——— 1+—> inf v( . — )‘
Fer2(@) Hf‘ K Bl ) ghevn ¢; =@ 12(Q)
L2(Q)
. h
+oAnd e = m)]

o velocity error (bound) depends on pressure
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3 Finite Element Error Analysis

o finite element error estimates for conforming pairs of finite element spaces
o same assumptions on domain as for previous estimates
o solution sufficiently regular
o h — mesh width of triangulation
o spaces
— ppubble/p 'k = 1 (MINI element),
— Py/Pi_1, Qr/Qr—1, k > 2 (Taylor—Hood element),
— pphle Pt QP 1 >

[V(u—u

IN

Ch* (||u||Hk+1(Q) + ”pHH’\"(SZ))
OB (Il gy + [Pl ooy )

o velocity error (bound) depends on pressure

M@

Hp—thL2(Q)

IN
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3 Finite Element Error Analysis

o finite element error estimates for conforming pairs of finite element spaces (cont.)

o in addition: if dual Stokes problem regular

[ = w2 < CRFH (||u||Hk+1(m + IIpHHum)

o velocity error (bound) depends on pressure
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3 Numerical Example Supporting Order of Convergence

e analytical example which supports the error estimates
e prescribed solution

o ()= () o (D )

1>3y2+(1—w)3 (y—% )

p =
pressure
velocity 11.235

3.606 Eg

ES,Z 3
E 6
3 ;3
= Eg
0.8

E -2.919
0.000
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3 Numerical Example Supporting Order of Convergence

e initial grids (level 0)

e red refinement
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iy

3 Numerical Example Supporting Order of Convergences

e convergence of the errors HV(u — uh) HLQ(Q) for different discretizations with

different orders k

--n
10° 0 P/P
s Py pric
) ¢ Q,/Q
£10? =8 Q, /P
g
5
& 107
107

levels

levels
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3 Numerical Example Supporting Order of Convergence

e convergence of the errors Hp - ph ||L2(Q)
different orders k

for different discretizations with

10° e
o /P,
bl pre
10° 107 w—k Pyl pl
° Q.0
g B B8 Q[P
= S10?
LT I
= =0
104
10
0 1 2 3 4 5 6 7
levels
10°
-
107 o~/
e phity p
102 XX Qy/Qy
B -8 Q,/P™
=10°
T
= 0%
10®
10°
o 1 2 3 4 5 &6
levels levels
S Mathod. | . W
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3 Numerical Example Supporting Order of Convergence

ommwmmmedmemmmHufuhmﬂgﬂmdMWmdwmmmbmwm

different orders k

o
10 -
0 P/P
102 e pleitly e
> Q,/Q
107 e
) - =8 /R
£ =
5 = 10*
1 :
10°
10°
107
o 1 2 3 4 5 6 7
levels
107 --
104 b PP
. —Qu/Q
10 XX Qu/P
. s 10°
= = 107
= 4 8
I £ 10
10°
101
10"
1012
o 1 2 3 4 5 6

levels

levels
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3 Numerical Example Supporting Order of Convergence

ommwmmmewmeammHV'uﬂhﬂQﬁmm%mmm%mmmMMwm

different orders k

-]

--n

0 Py/P;
e Pl prve
*X Q,/Q
G Q, /P

0 B/P,
. e phibty pe
*X Qy/Q,
s B8 Qy/R™ B
5107 i
= =
TS v
10°
10° N
o 1 2 3 4 5 &6
levels levels
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3 Scaled Stokes Equations: Finite Element Error Analysis

e scaled Stokes equations
_ py_ [
—vAu+Vp=f <+<— —-Au+V | (=)==
v v

o error estimates

. 1
[Vu—u")| o < Ch <||u||Hk+1(Q) +t |P||Hk<sz))
lp=2"ley < OB (v Nllersoy + 1Py
. 1
HU_U}LHLQ(Q) S Ohk+1 <||u||Hk+1(Q) + ; p”Hk(Q))

o velocity errors (bounds) depend on pressure and inverse of viscosity
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3 Numerical Example (cont.)

e Taylor-Hood pair of finite element spaces P»/P;
10° 3 10°
10° s 4
107 10

10°
10?
10!
10°
10"

[lp—"| e

o velocity errors depend on inverse of viscosity (on coarse grids)
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3 Finite Element Error Analysis: Special Case

e finite element error estimate for the L2(£2) norm of the gradient of the velocity

o 2 C R bounded, polyhedral, Lipschitz-continuous boundary
o special case: VI C Vi
h : h
[V (u— )Hm(g) = thlen‘fd,;v [V(u—v )HLz(Q)
o proof: board, p. 146, p. 161
o velocity error does not depend on pressure

e same property for ||u - uhHLz(Q)
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3 Finite Element Error Analysis: Special Case

e most important example: Scott—Vogelius [1] finite element barycentric-refined grid:
P/ PYsS k> d

[1] Scott, Vogelius; in Large-scale computations in fluid mechanics, Part 2, 221-244, 1985
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3 Numerical Example: No Flow Problem

e prescribed solution

u=0, p=10 ((x — 0.5y + (1 —2)%(y — 0.5)* — %)

e Taylor-Hood P,/ Py

’
[Ju—u"l )

101
10" y—10-10
105

levels

levels

o velocity errors scale with inverse of viscosity
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3 Numerical Example: No Flow Problem (cont.)

e Scott-Vogelius P,/ P{¢, barycentric-refined grid

100}
10"
—o——eo— o o —o—o
- 10"
5 B
= =10t
RN | = — e—e—a—s
T 10 =
=z 6 v=10° 110V Ho— v=10°
L 10V Has v=10 T || =102 —x
BT T o — 1077 e v=1 N,
10 -8 v=10" 102 ||E8 v=107
1072t [[o® =10 =0 v=10"°
o p=10"10 1023 {{e-o v=101
s ¥ 4
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
levels levels

o round-off errors from high condition number of matrix of linear system of
equations
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3 Summary

e large velocity errors can occur in the standard situation V2! ¢ Vs, in the
presence of large pressure or small viscosity

Finite EI Methods for I

pressible Flow Problems - LNCC, Petropolis, February 25 - 28, 2019 - Page 80 (305)



3 Implemention

e ways to implement finite elements
o given triangulation of {2 with mesh cells { K }
o unmapped finite elements
— define the local finite element on the physical mesh cell K
o mapped finite elements
— define finite elements on a reference cell K
— define the finite element on K via the reference map from K
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3 Implemention Lok

e ways to implement finite elements
o given triangulation of 2 with mesh cells { K }
o
— define the local finite element on the physical mesh cell K
o mapped finite elements
— define finite elements on a reference cell K
— define the finite element on K via the reference map from K
e remarks
o both ways gives the same results for affine reference maps (simplicial mesh
cells, parallelepipeds)
o mapped finite elements resemble a standard way for numerical analysis
o mapped finite elements require the assembling of quadrature rules, degrees of
freedom, nodal functionals only on reference cell
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3 Implemention

e our choice in the in-house code PARMOON [1,2]: mapped finite elements
o reference maps are computed once and stored in a database
o multi-linear reference maps possible

e many free libraries included

o we found that PETSCc is very helpful, since it includes itself many other libraries

[1] J., Matthies; Comput. Vis. Sci. 6, 163—-169, 2004
[2] Wilbrandt, Bartsch, et al.; Comput. Math. Appl. 74, 74-88, 2017
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3 Implemention

e implementation

o vector-valued velocity space

Vi = span{}}}
Ny Ny
o 0
= span 0 U o U
0 i=1 0 i=1

o pressure space
h A,
Q"= Spa”{‘/’i im1

o representation of unknown solution

3N, Np
h h 4 h h h,h
U = E Uj¢ja p :E pﬂ/’j
=1 =1

i=1
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3 Implementation

e pressure finite element space
o standard basis functions not in L3(£2)
o it can be shown under mild assumptions that standard basis functions can be
used as ansatz and test functions
o computed pressure with standard basis functions has to be projected into
L3(£2) atthe end
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3 Implementation

e linear saddle point problem

(50 )(

SIS
~
|
A/
1O 1=
~

with

Wy =ay; = Y (Ve).Vl) ij=1....3N,
KeTh

(B)ij=bi; = = (V~¢§L,w§’)K,i=1,...,Np,j:1,...,3N,,,
KeTh

fi=fi = Z (f,qS?)K,i:l,...,S.Nv
KeTh

o dimension (3d): (3N, + Np) x (3N, + N,)
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3 Implementation

e matrix A
o symmetric
o positive definite

o block-diagonal matrix

A O 0
A= 0 A4 O
0 0 An

Finite EI Method!

forl

p
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3 Implementation

e matrix A
o symmetric
o positive definite
o block-diagonal matrix

A O 0
A= 0 A4 O
0 0 An

o (D (u). D (v")) instead of (Vu", Vo)
o equivalent only if uh weakly divergence-free
o generally not given for finite element velocities
o not longer block-diagonal matrix

A A Az

A= A{Q Aoy Ass
Afy A3y Asg
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4. Stabilizing Non Inf-Sup Stable Finite Elements
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4 Difficulties of Inf-Sup Stable FEMs Lok

e need implementation of different finite element spaces for velocity and pressure
e one obtains a linear algebraic saddle point problem

A BT\ (u (f
B 0)\p) \0
o sparse direct solvers only efficient in 2d and for small and medium sized
systems (< 500 000 d.o.f.s)

o construction of special preconditioners for iterative methods necessary,
because of zero on main diagonal = Chapters 7 and 9

[1] J., Knobloch, Wilbrandt; book chapter in 'Fluids under Pressure’, Springer, to appear 2019
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4 Difficulties of Inf-Sup Stable FEMs Lok

e need implementation of different finite element spaces for velocity and pressure
e one obtains a linear algebraic saddle point problem

A BT\ (u f
(%)) -
o sparse direct solvers only efficient in 2d and for small and medium sized
systems (< 500 000 d.o.f.s)
o construction of special preconditioners for iterative methods necessary,
because of zero on main diagonal = Chapters 7 and 9
e goal: remove saddle point character by removing the zero block
o introduce pressure-pressure coupling in mass balance
— several proposals in literature, recent review in [1]
— here: PSPG method
o leads automatically to violation of mass conservation
o enables use of same finite element spaces for velocity and pressure

[1] J., Knobloch, Wilbrandt; book chapter in 'Fluids under Pressure’, Springer, to appear 2019
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4 The PSPG Method

e Pressure Stabilization Petrov—Galerkin (PSPG) method [1]

e most popular method
e given f € L2(Q), find (u”,p") € V" x Q" such that

Apspg ((uh’ph) ) (”hv qh)) = Lpspg ((”hv qh)) v (Uh?qh) evix Q"
with

Apspg ((u,p) , (v,q)) = v (Vu Vo) — (V- -v,p)+ (V- u,q)
+ Y vl lalg) g + D (—vAu+Vp,65Vq)
Eegh KeTh

and

Lyspg ((v,q) = (f,v)+ Z (f,(S%Vq)K

KeTh

[1] Hughes, Franca, Balestra; Comput. Methods Appl. Mech. Engrg. 59, 85-99, 1986
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4 The PSPG Method Lok

o meaning of the terms

Z ve (IPlg s ldlg) g + Z —vAu + Vp, 0, Vq)

Eec&h KeTh
Z (f 51;<VQ)K
KeTh
o EM - set of faces of mesh cells
o FE —face
o Th- triangulation, set of mesh cells

o K —mesh cell

o

vE, 04 — stabilization parameters, positive
[|-]] g — jump across a face

[¢]

e goal: appropriate choice of stabilization parameters by finite element error analysis
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4 Norm for Finite Element Error Analysis

o finite element error analysis for stabilized methods is usually performed for norms
that include stabilization
e norm for PSPG method

2 1
It = (uuwuww 5 el

th/y

2
}L' L2(E)

1/2
2
+ Z ()l) |v(jh|]__’(;]\')>

KeTh

o sum of seminorms
o to check that from || (v", ¢") Hpspg = 0 it follows that v = 0 and ¢ = 0:
direct calculation, board p. 202
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4 Properties of the Solution

e existence and uniqueness of a solution if

2
hi;

v(C?

mv

0< o < conditionally stable

o apply basic theorem of linear algebra (finite-dimensional problem):
— bilinear coercive =—-
— corresponding matrix non-singular =—>
— unique solution for each right-hand side

— show coercivity of bilinear form, board p. 202/203

1
Apspg ((vh7qh) ’ (vh’qh)) = 5 H(vh’qh)Hispg

e Definition: A stabilized discrete method is absolutely stable if it is stable for all
6 > 0, otherwise conditionally stable
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4 Properties of the Solution

e stability of solution
1/2

c
1" 2" | pop < 2V2 | =7 Loy + | D2 Sk N1 zea0

pspg —
KeTh

o use unique solution as test function
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4 Properties of the Solution

e stability of solution
1/2

C
1" 2" | pop < 2V2 | =7 Loy + | D2 Sk N1 zea0

KeTh

o use unique solution as test function

e Galerkin orthogonality
Apspg ((w—u",p—p"), (v",¢")) =0 ¥ (v",¢") e V" x Q"

o direct calculation using definition of PSPG method
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4 Finite Element Error Analysis zﬁ@

e finite element error analysis: let

. h3 _hg
()/I :('Ul_ ”/:‘:(Vll
h v v
and
PoorQ.CV'"CV, k>1, PoQcQ"cQ, 1>0,
then

‘ h1+1
[(w—u"p=p")|| ,, <C (Vl/zhk’ el prier ) + —575 |P||Hl+1(ﬂ)>

o triangle inequality = interpolation error + discrete term

o coercivity for discrete term

o estimate of individual terms on right-hand side by standard estimates
(Cauchy—Schwarz, Young, interpolation error estimates) using bounds for
stabilization parameters
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4 Finite Element Error Analysis

e error estimate
h h 1/2k hi*1
= 5= ) = € (2 ooy + oy Wl
is at least min{k, [ + 1}

but HV (u — uh)
pspg
shows that v~ ! appears in front of the pressure term

o convergence in ||-||

PSpg

o neglectall terms in || (w — u”, p — p")| HLZ(Q)

o for continuous pressure finite element spaces
|V (p—p") HL2(Q) <C (l/hk_l el ey + b ||P||Hl+1(9)>

o estimates for ||u — uh||L2(Q) and ||p _thL2(Q) in [1]

[1] Brezzi, Douglas; Numer. Math. 53, 225-235, 1988
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4 Numerical Example

e analytical example which supports the error estimates
e prescribed solution

wm ()= (B) o (0 oo,
1 3

p = 10<<m—%>3y2+(1—m)3(y—§ )

)
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4 Numerical Example

o Pi/Py, &% = 0.5h% v

o larger velocity errors for small v, but higher order of convergence

%
T
2
=3

(vl 0

10°
10
10°
10°
10*
10°
10°

3111

v=10""

levels

levels

10" {5

10"
10”
10°

10"
0

1r1l

levels

levels

is for |
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4 Numerical Example

° Pl/Po, YE = O5hE/I/

[ (u—u")]| 20

levels

ITIIT:

h
v=10°
v=10°
v=1
v=10"
v=10"
v=10""

levels

o larger velocity errors for small v, but higher order of convergence

o

2

levels

Methods for | p
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4 Post-Processing for P, / P

e construction of uﬁTO € RT such that [1]

IV (u" + wtir, )| o) = 0

weakly divergence-free

Ufyr, = Z Z_E (/E [1P"[] dS) 2

Eegh

e correction

with RTy basis function

hg

2IK] (x —xp) € RTy(K)

¢E|K::I:

can be computed locally

[1] Barrenechea, Valentin; Internat. J. Numer. Methods Engrg. 86, 801-815, 2011
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4 Numerical Example

e post-processed Py /Py

£ - b
5
& 4 v=10°
E o
=104 e — p=10?
ig,z ¥ v=1 *X v=1
103 [E2 v=10" [~ B8 v=10"
104 o v=10" o v=10"
10° v=10" v=10"
0 2 0 2 4 6 8 10
levels

levels

o almost same velocity error in L?(2)
o but solution is weakly divergence-free

ible Flow Problems - LNCC, Petropolis, February 25 - 28, 2019 - Page 100 (305)

Finite EI Methods for I p



4 Other Residual-Based Stabilized Methods f“@

e symmetric Galerkin Least Squares (GLS) method [1]
e find (u”,p") € V" x Q" such that

Ags ((u"0"), (v",4")) = Las (v, 4")) ¥ (v",¢") € V" xQ",
with
Agls ((u)p) ) (’U, Q))
= v(Vu, Vo) — (V- v,p) — (V- u,q)
= e (plg.ldlg)g— Y (—vAu+Vp, 6% (—vAv +Vq)),,

Eegh KeTh
Lgs (v,9) = (fiv)— > (F.05 (~vAv+ V),
KeTh
e symmetric
e conditionally stable

[1] Hughes, Franca; Comput. Methods Appl. Mech. Engrg. 65, 85-96, 1987
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4 Other Residual-Based Stabilized Methods zﬁ@

e non-symmetric GLS method, absolutely stable method of Douglas and Wang [1]
e find (u”,p") € V" x Q" such that
Apw ((w",p"), (v",¢")) = Low ((v".¢")) v (v".¢") € V" x Q",
with
Apw ((u,p) , (v,q))
= v(Vu,Vv)— (V- v, p) (V-u,q)

+ 3 g lalg) s+ Y (—vAu+ Vp, 6% (—vAv + Vg)),,
Eecéen KeTh
Low ((v,9) = (£f,0)+ > (f, 0k (—vAv+Vq)),
KeTh

® non-symmetric
e replace ¢ by —g¢: difference to symmetric GLS +rAw instead of —rvAw
e absolutely stable

[1] Douglas, Wang; Math. Comp. 52, 495-508, 1989
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4 The PSPG Method

e framework for residual-based stabilizations in [1]
e absolutely stable modification of PSPG method proposed in [1]
o using an alternative definition of the discrete Laplacian
(Ahu,vh) =— (Vu,Vvh) VueV, vh evh
requires solution of a system with mass matrix
e all methods identical if discrete Laplacian is not used, e.g., for Py /P,
e instability of symmetric GLS can be seen in numerical simulations, e.g., in [2]

[1] Bochev, Gunzburger; SIAM J. Numer. Anal. 42, 1189-1207, 2004

[2] J., Knobloch, Wilbrandt; book chapter in *Fluids under Pressure’, Springer, to appear 2019
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4 Stabilizations Using only the Pressure

e framework in [1]
e stabilization of Brezzi and Pitk&ranta, oldest method [2]
e find (u”,p") € Vh x Q" = P; x P; such that

v (Vuh, V'vh) — (V . vh,ph)
—(V-uld)y - D (Vv

KeTh

(f,o") vohevh,
0 Vgt e@h

e for P /Py, same matrix is PSPG method

[1] Brezzi, Fortin; Numer. Math. 89, 457-491, 2001

[2] Brezzi, Pitkaranta; Notes Numer. Fluid Mech. 10, 11-19, 1984

Finite El Methods for || pressible Flow Problems - LNCC, Petropolis, February 25 - 28, 2019 - Page 104 (305)



4 Stabilizations Using only the Pressure

e using fluctuations of the pressure [1]
e find (uh,ph,Vph> € V" x Q" x VP such that

v Vuh,Vvh) — (V . Uh7ph) = (f,vh) Vol evh,

— (V- ulg") vph 7W.N,’\w">r = 0 Vg e Qh,
KeTh

(Vo =V, of) = 0 Yoh e VA

e other stabilizations with fluctuations of the pressure

o local projection stabilization (LPS) [2], several variants meanwhile
o method of Dohrmann and Bochev [3]

e stabilization with jumps across faces, continuous interior penalty (CIP) method [4]

[1] Codina, Blasco; Comput. Methods Appl. Mech. Engrg. 143, 373-391, 1997
[2] Becker, Braack; Calcolo 38, 173-199, 2001
[3] Dohrmann, Bochev; Internat. J. Numer. Methods Fluids 46, 183-201, 2004

[4] Burman, Hansbo; SIAM J. Numer. Anal. 44, 2393-2410, 2006
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4 Stabilizations Using only the Pressure

e usually extended matrix stencil of the pressure-pressure coupling matrix block C'

(5 %) ()= @)
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4 Summary

e equal-order methods quite popular
o often easy to implement
o standard preconditioners in iterative solvers
e several proposals
o not clear which is the best
o numerical studies in [1]
— PSPG, non-symmetric GLS, one variant of LPS behaved quite similarly
— symmetric GLS shows instabilities if stabilization parameter is too large
e stabilization parameters
o finite element error analysis gives asymptotic optimal choice
o concrete choice depends on the user, optimal approach not known
e personal opinion: prefer inf-sup stable pairs of finite element spaces
o benchmark problem for stationary Navier—Stokes equations [1]: Taylor—Hood
more accurate than all stabilized methods

[1] J., Knobloch, Wilbrandt; book chapter in 'Fluids under Pressure’, Springer, to appear 2019
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5. On Mass Conservation and the Divergence Constraint
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5 Related Problem: Conservation of Mass

e continuous problem:

o infinitely many conditions
o inf-sup condition equivalentto V-V = Q =—take ¢ =V - u

0=V ullpzq) weaklydivergence-free

Finite El Methods for || pressible Flow Problems - LNCC, Petropolis, February 25 - 28, 2019 - Page 109 (305)




5 Related Problem: Conservation of Mass zﬁ@

e continuous problem:
o infinitely many conditions
o inf-sup condition equivalentto V-V = Q =—take ¢ =V - u

0=V ullpzq) weaklydivergence-free

o finite element problem

(V-ul,¢") =0 Vq¢"eQ" discretely divergence-free
o finite number of conditions
o usually V- V" & Q"
o = no mass conservation

— not tolerable in certain applications
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5 Numerical Example 1

e no-flow problem: prescribed solution for Stokes problem with v = 1

o finite elements
o P, /P; - Taylor-Hood
o Pp°/Py - Crouzeix—Raviart

10°
10*
10°
10°

10"

1V (=) |20

10°
10"

107

2 7
u =0, sza<y3—%+y——>

Crouzeix-Raviart Taylor-Hood P, /P,

s

66— Ra=1

#—# Ra=100
% Ra=10"
58 Ra=10°

[V (@)l

-7
\ 10‘B B8 Ra—10°
10

0 1 2

o velocity error scales with the pressure
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5 Numerical Example 2

e stationary vortex: prescribed solution for Navier—Stokes problem with v = 1

_ 2 2 1
u:<y>, sze(ﬂ——), Re>0
T 2 3

e balance of nonlinear term of the Navier—Stokes equations and pressure term
o PPubble/p; _ MINI element

Crouzeix-Raviart mini element

10°

10%

-
<

=
o
>

11V (u=w)]| 20

-
4

-
Q

o velocity error scales with the pressure
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5 Conclusions

e error scales also with Coriolis force if this term is present
o important in meteorology
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5 Conclusions

e error scales also with Coriolis force if this term is present
o important in meteorology
e fundamental invariance property for continuous equations (with Dirichlet boundary
conditions)
f=Ff+Vv = (u,p) = (u,p+)

physically correct behavior

o obviously not satisfied for the considered discretizations
— no-flow problem: f = Vp
— but change of f changed u”
unphysical behavior

o connected with Helmholtz decomposition of vector fields in L%(Q): every
vector field in L2(£2) can be decomposed into a gradient field and a weakly
divergence-free field
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5 Grad-Div Stabilization

e very popular technique

e add in continuous problem
0=—uV(V-u)

e gives in finite element problem
w(V-u Vol

does not vanish if V - u” # 0
e stabilized finite element Stokes problem: Find (u, p) € V" x Q" such that

v (Vuh, Vvh) - (V . vh,ph)
+ Z 123:¢ (v'uhvv"vh);( = <f7vh>V’,V vvhevh’
KeTh

—(Veulg?) = 0 Vgt e Q"

{px} with pg > 0 - stabilization parameters
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5 Grad-Div Stabilization

e fixed triangulation:
lim HV . fu,h{

Hmin —>00

L2(Q) =0

o Proof: consider fimin = 1 = px forall K € T"
— use u" as test function, dual pairing, Young’s inequality

2 2
v ||vuhHL2(Q) +ul|v- “h”m(ﬂ)
= (Fu" v < fllg-rio) VU] o)
1 2
< ||f||§1—1(9) t+v HV“hHLz(Q)
— consequently

1
HV ) uhHLZ(Q) S W ||f||H_1(Q)

— statement follows

o Question: Large stabilization parameters good for other errors ?
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5 Grad-Div Stabilization zﬁ@

e answer by finite element error analysis
e different situations can be distinguished, see [1]
e standard situation leads to estimate

2 . 2 W 2
IV (u—u") ||L2(Q) < inf (4 IV (u ") ||L2(Q) + 2,_, [V vhHL2(Q))

vheVE,
2 . h 2
o it P = )

o present at board, p. 223
o velocity error (bound) depends still on pressure

o dependency on viscosity is 7~ '/? instead of ! without grad-div stabilization

[1] Jenkins, J., Linke, Rebholz; Adv. Comput. Math. 40, 491-516, 2014
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5 Grad-Div Stabilization zi@

e concrete estimate for Taylor—-Hood pair of finite element spaces
VR QM = Py/Py_1, k > 2

IV (u=u") e < (4+ )O%h%||u||m+1<m

202
Q" 1 2k 2
+7h [P ()

[¢]

optimal choice of stabilization parameter by minimizing error bound

[}

depends on unknown norms of the solution

o

depends on unknown constants for the best approximation error estimates
o if one assumes that all unknown quantities are ~ 1 = 11 ~ |

e similar considerations for MINI element: /1 ~ /

e optimal stabilization parameter for velocity error is not large
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5 Grad-Div Stabilization zﬁ@

e summary
o lot of experience in literature with grad-div stabilization and parameters that are
appropriate for good error bounds
— improves mass conservation somewhat, but usually not essential
— velocity error still depends on pressure
o grad-div term leads to matrix block

A A Ags A 0 0
A,{é AQQ A23 instead of 0 A11 0
Afy Al Ass 0 0 Ap

o grad-div stabilization is not the solution of the problem
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5 Conforming Divergence-Free Stable Finite Elements

e stability and mass conservation in finite element methods are conflicting
requirements

o let V" be fixed
o stability: discrete inf-sup condition
: (V-o",p")
inf sup . 7
" €Q"\{0} yrev\ oy VO ([ 120) 14" 120

> Bl >0

given if Q" is sufficiently small
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5 Conforming Divergence-Free Stable Finite Elements

e stability and mass conservation in finite element methods are conflicting
requirements

o let V" pe fixed

o stability: discrete inf-sup condition

(V ) Uhvph) h
h h > ﬁis >0
||L2(Q) g ||L2(Q)

inf sup
g"€QM\ {0} yrey iy (o} [V

given if Q" is sufficiently small

o mass conservation: V - V? C Q": take ¢" = V - u”

Oz—(V-uh,qh)z—HV-u

hl2
220
given if Q" is sufficiently large
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5 Conforming Divergence-Free Stable Finite Elements

e stability and mass conservation in finite element methods are conflicting
requirements

o let V" pe fixed

o stability: discrete inf-sup condition

(V.,Uhvph) >Bh >0
"2 a2 — °

inf sup
a"€QM\ {0} yrevm (o} [|VV

given if Q" is sufficiently small

o mass conservation: V - V? C Q": take ¢" = V - u”

Oz—(V-uh,qh)z—HV-u

hl2
220
given if Q" is sufficiently large

e V. V" C L?(Q) <= normal components of finite element functions are
continuous

o note: not satisfied for Crouzeix—Raviart finite element
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5 Conforming Divergence-Free Stable Finite Elements

e analytical tool: smooth de Rham complex or Stokes complex in two dimensions

R — H2Q) % #Y Q) W 2@ — o

with
curl v(z) = (_5%]”) (x)

o sequence of spaces and maps
o de Rham complex is called exact if the range of each operator is the kernel of
the succeeding operator
— ifw € H?() is curl-free, then w is constant function
— ifv € HY(Q) is divergence-free, then v = curl w for some w € H?({2)
— themapdiv : H'(Q) — L?(€2) is surjective, since the kernel of the last
operator is L?(€2)
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5 Conforming Divergence-Free Stable Finite Elements

o finite eleme tsub-CO p ex
curl div

o if finite element sub-complex is exact
— Vh/Qh satisfies the discrete inf-sup condition
— weakly divergence-free velocity fields are computed, since div V" = Q"
goal: construction of exact finite element sub-complex

[1] Ciarlet; The finite element method for elliptic problems, 1978, Chapter 6.1
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5 Conforming Divergence-Free Stable Finite Elements

o finite eleme tSUb'CO peX
curl div h

o if finite element sub-complex is exact
— Vh/Qh satisfies the discrete inf-sup condition
— weakly divergence-free velocity fields are computed, since div V" = Q"
goal: construction of exact finite element sub-complex

e example
o consider barycentric refinement of triangles

o Hsieh—Clough—Tocher finite element [1]

o composite element of third order polynomials on
each fine mesh cell

o requirement: continuously differentiable = finite el-
ement space W" belongs to H2((2)

[1] Ciarlet; The finite element method for elliptic problems, 1978, Chapter 6.1
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5 Conforming Divergence-Free Stable Finite Elements zﬁ@

e example (cont.)

o differentiation reduces the polynomial degree by one and also the regularity by
one

o = V" =curl W" ¢ H'(Q) and V" = P; (on barycentric-refined mesh)

o = Q" =divV" C L?(Q) and Q" = P (on barycentric-refined mesh)

[1] Scott, Vogelius; in Large-scale computations in fluid mechanics, Part 2, 221-244, 1985
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5 Conforming Divergence-Free Stable Finite Elements

e example (cont.)

o

differentiation reduces the polynomial degree by one and also the regularity by

one

— V" = curl W" ¢ H'(Q) and V" = P; (on barycentric-refined mesh)

= Q" =div V" C L?(Q2) and Q" = P (on barycentric-refined mesh)

to show exactness: div : V" — Q" is a surjection

— finite-dimensional spaces: by counting the number of degrees of freedom
(somewhat longer)

PQ/Pf“SC — Scott—Vogelius pair of spaces [1] on barycentric refined grids is

stable and computes weakly divergence-free solutions

[1] Scott, Vogelius; in Large-scale computations in fluid mechanics, Part 2, 221-244, 1985
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5 Conforming Divergence-Free Stable Finite Elements

e similar constructions can be started with other H2({2) conforming finite element
spaces
o lead to high polynomial spaces, of little importance in practice

e situation in two dimensions more or less clear

[1] Zhang; Math. Comp. 74, 543-554, 2005

Finite EI Methods for I

pressible Flow Problems - LNCC, Petropolis, February 25 - 28, 2019 - Page 122 (305)



5 Conforming Divergence-Free Stable Finite Elements

e similar constructions can be started with other H2(2) conforming finite element
spaces
o lead to high polynomial spaces, of little importance in practice

e situation in two dimensions more or less clear

e 3d case much more challenging
o possible de Rham complex

R — H2(Q) ®3Y B (curl; Q) %' H1(Q) W 12(Q) —» 0

leads to velocity space with polynomials of degree 6
o Scott—Vogelius pair of spaces Py, / P;}i_‘*f is stable on barycentric refined
meshes for k > 3, [1]

[1] Zhang; Math. Comp. 74, 543-554, 2005
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5 Conforming Divergence-Free Stable Finite Elements

e summary
o Scott-Vogelius pair of spaces Py, / Pkdi_sf, k > d, so far only pair that is used
sometimes
o little hope to construct any other lower order pair
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5 H (div, €2)-Conforming Finite Element Methods Zts

e abandon conformity of finite element velocity space: V' ¢

e require V - V" C L?(Q2) = study /7 (div, )) conforming finite elements
o Raviart-Thomas elements, BDM elements

o normal component of functions is continuous across faces

e difficulty: consistency error in discretizing the viscous term (vVu, Vo)
o no convergence for using just

Z /uVuh:Vvhdm
KeTh? K

e proposals

o modify bilinear form

o modify H (div, ) to impose tangential continuity in a weak sense

Finite EI Methods for I
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5 H (div, €2)-Conforming Finite Element Methods

e modify bilinear form: possible proposal

Z /Kvuh:vvhda:— Z </E {{e@)}}, [0"]], ds

LYl ds = [ 1] 0] a5)

[|-]] g — jump across face

{{}}E — average on face

{{e-}} p — average of tangential component on face
o — parameter

reminds on DG

[¢]

[}

o

[¢]

o
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5 H (div, €2)-Conforming Finite Element Methods

e modify H (div, §2) to impose tangential continuity in a weak sense
o local space (2d)

VMK) = VMK) + curl (bx S(K))

— bk —bubble function
— S(K) - auxiliary space
o example: VH(K) = RTo(K), S(K) = P1(K)
— global space possesses correct order of consistency error
— optimal error estimates can be proved
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5 H (div, €2)-Conforming Finite Element Methods

e modify H (div, ) to impose tangential continuity in a weak sense

o local space (2d)
VMK) = VMK) + curl (bx S(K))

— bk —bubble function
— S(K) - auxiliary space

o example: VH(K) = RTo(K), S(K) = P1(K)
— global space possesses correct order of consistency error
— optimal error estimates can be proved

e summary
o use of H (div, 2)-conforming methods interesting option
o so far no own experience
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5 Pressure-Robust FEM

e idea: satisfy discrete version of fundamental invariance principle by using
appropriate reconstructions of the test functions [1]

e finite element Stokes problem with reconstruction: Given f € L?(£2), find
(u”,p") € VP x Q" such that

v (Vuh,V'vh) — (V . vh,ph) (f,Hhvh) Vol e VP,
—(V~uh,qh) = 0 Ve

with
" . vh - R" (R - H (div, Q)-conforming fe space)

[1] Linke; Comput. Methods Appl. Mech. Engrg. 268, 782-800, 2014
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5 Pressure-Robust FEM zﬁ@

e consider V" x Qh = pbubble . pdisc
o discontinuous pressure of importance for easy construction
o R"=RT,
o general requirements on 1" projection and interpolation properties

/(U—Hhv)dcv = 0, YoeVVKeT"
K

/(U—Hhv)~nthds = 0, YveV,V¢" e P(E)
E

HHhv

IN

_UHL2(K) Chg [V gpm gy, m=0,1,2

o cell-wise computation of II"v" possible
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5 Pressure-Robust FEM

o Vh x QM = phubble . pdisc (cont)
o itholdsforall K € 7" v € V,and ¢" € Q"

/ V- vg" da prod.rule / V- (vg") de — / V¢ v de
K K K
int. by parts h h
= q"v-nrds— Vq" -vdx
oK K
prop. 1 & 2 h (TR b1k
= / q(HU)-ans—/Vq - (II"v) d
oK K

int. béparts / v. (ll/I1J)qh dax
K

= Q" projection of the divergence = Q" projection of the divergence of the
II" projection
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5 Pressure-Robust FEM zﬁ@

o Vh x QM = phubble . pdisc (cont)
o fundamental invariance principle for modified discretization:
for all v" € V]! (= consider only velocity)

(F+V (Pouap) , TThoh) M PLPHS (2 ko) — (7. (10", Poui))
(f, 1"") — (V- 0", Pouyp)

disc. cgv-free (f, Hh’Uh)

div. prop

discrete counterpart of fundamental invariance principle satisfied: V (PQhw)
possesses no impact on finite element velocity
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5 Pressure-Robust FEM

e finite element error analysis
o consistency error is introduced, is of optimal order
o estimate for velocity error

I19(u = u")|] 2 ) < 2014+Crr) AnE 1V (= 0")|[ L ) CR? [l s

does not depend on pressure
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5 Pressure-Robust FEM

e Example 1

o Crouzeix—Raviart finite element with reconstruction in RT

Crouzeix-Raviart

10-10
= 10—]]

10°

Crouzeix-Raviart with modified test function

?
é 102 \

46— Ra=1 - 69 Ra=1 L e X

*—+ Ra=100 1073 L #—+ Ra=100

%X Ra=10" %=X Ra=10"

E-8 Ra=10° 104 |38 Ra=10°

0 1 2 3 4 5 6 7 0o 1 2 4 5 6 17

level level
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5 Pressure-Robust FEM

e Example 2

o Crouzeix—Raviart finite element with reconstruction in RT

Crouzeix-Raviart with modified test function

10—10
10—11
10"

1013

1V (0= | 20

10

15
10 ]
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5 Pressure-Robust FEM z'ﬂ“@

e summary

o extensions to almost arbitrary finite element pairs with discontinuous pressure
in [1] (simplicial and brick-shaped meshes)

o extension to finite element pairs with continuous pressure [2], becomes more
complicated

o extension to Navier—Stokes equations possible (and partly research in
progress)
— modifications of nonlinear convective term and of term with temporal

derivative necessary

— leads to modifications of the system matrix

o divergence-free finite element velocity in R by applying reconstruction
operator to u”

[1] Linke, Matthies, Tobiska; ESAIM: M2AN 50, 289-309, 2016
[2] Lederer, Linke, Merdon Schéberl; SIAM J. Numer. Anal. 55, 1291-1314, 2017
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5 Summary of this Part

e most standard pairs of finite element spaces do not preserve mass

e grad-div stabilization does not solve the problem

e only conforming divergence-free stable pair that is of some importance is
Scott-Vogelius pair

e H (div, Q)-conforming finite element methods very interesting option, but no own
experience so far

e alternative approach: pressure robust methods with appropriate test functions by
reconstructions in H (div, Q2)-conforming finite element spaces
o several new developments in this direction, check the publications of A. Linke

(WIAS)

[1] J., Linke, Merdon, Neilan, Rebholz; SIAM Review 59, 492-544, 2017

[2] J.: Finite Element Methods for Incompressible Flow Problems 2016
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6. Stabilizing Dominant Convection for Oseen Problems
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6 Stabilizing Dominant Convection for Oseen Problems

e continuous equation

—vAu+(b-Viu+cu+Vp = f inQ,
V-u 0 inQ

for simplicity: homogeneous Dirichlet boundary conditions

e difficulties:
o coupling of velocity and pres-
sure
o dominating convection
e properties
o linear

Carl Wilhelm Oseen (1879 — 1944)
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6 The Oseen Equations

e coefficients
ov>0
o be Wh>®(Q),V-b=0
o ceL®(Q),c(x)>co>0
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6 The Oseen Equations

e coefficients
ov>0
o be Wh>®(Q),V-b=0
o ceL®(Q),c(x)>co>0
e scaling of momentum equation:

o [[bll () ~ it < Bl o (g
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6 The Oseen Equations

e coefficients
ov>0
o be Wh>®(Q),V-b=0
o ceL®(Q),c(x)>co>0
e scaling of momentum equation:
°© ||b||L°°(SZ) ~ lifv < Hb”Loo(sz)
e interesting cases
o v of moderate size, c = 0
in numerical solution of steady-state Navier—Stokes equations
o v of arbitrary size, c ~ (At) ™!
in numerical solution of time-dependent Navier—Stokes equations
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6 The Oseen Equations

e weak form

v(Vu, Vo) + ((b- V)u+cu,v) — (V-v,p) = (fio)vv YveV,
-V u,q) = 0 VaeQ

e Dbilinear forms

a:VxV-oR,  a(u,v) v(Vu, Vo) + ((b- V)u + cu,v),
b:VxQ—R, bv,q) = —(V-v,q)
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6 The Oseen Equations

e weak form

v(Vu, Vo) + ((b-V)u+ cu,v) — (V- v,p)
_(V ' qu)

e Dbilinear forms

a:VxV->R,  a(u,v)
b : VXQ%R7 b(v?Q) = _(V"U,q)

e existence and uniqueness of solution
o proof: board, p. 246
o essential condition

(b-V)v,v)=0 YveV

can be proved if b is divergence-free, board p. 245

(f,v)viy YoveV,

0 Vqge@

v(Vu,Vv) + ((b- V)u + cu,v),
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6 The Oseen Equations

e stability of solution
o dependency of bounds on coefficients is important
o depending on regularity of data, different estimates possible
— most general

v 2
5 IVullzz) + H01/2

< o 1713

— feL?()andcy >0

o2 ’

IVl + 5 2], <

o proof: board, p. 247

1 2
< 5 I1F1 0
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6 The Oseen Equations

e stability of solution
o dependency of bounds on coefficients is important
o depending on regularity of data, different estimates possible

— most general

v 2 1
S IVulFag) + || < 11
— feL?()andcy >0
1
2 il
IVl + 5 2] < oo 191

o proof: board, p. 247
o estimates for pressure with inf-sup condition
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6 The Oseen Equations - Galerkin FEM

o Galerkin finite element method

a (uh,vh) —i—b(vh,ph) (f,vh) Vol e Vh,
b(uh,qh) =0 Vgt e

o homogeneous Dirichlet boundary conditions
o conforming, inf-sup stable finite element spaces

e existence, uniqueness, stability like for continuous problem
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6 The Oseen Equations - Galerkin FEM

e finite element error estimate for the L2(£2) norm of the gradient of the velocity
o 2 C R bounded, polyhedral, Lipschitz-continuous boundary
o regularity of coefficients like stated above

V2 (= )y + 2 (= )|

L2(©)

<C

is

1 , 1 |
(1 + _h> Cos 'uhlrel\f/h ||V(u — Uh)HLz(Q) + 2 thggh ||p - qhHLz(Q)

_1/2 1/2 i 71 —1
Cos = /% + llell < ) + [1Bll oo () min { 172 172 }
0

o (C does not depend on coefficients and triangulation, but on €2
(Poincaré—Friedrichs inequality)
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6 The Oseen Equations - Galerkin FEM zﬁ@

e finite element error estimate for the L2(£2) norm of the gradient of the velocity
(cont.)
o proof: principally same as for Stokes equations
o estimates for convective term

(05 = (59 0 1,
< 2l I + 5[99
orifcg >0
)((b ' V)”"bh)‘ = Hc_l/QbHLw(m IVlze) Hcl/%h) 12(2)

2 2
181170 () IVl 220 Hc
< +

Co 4
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6 The Oseen Equations - Galerkin FEM

e finite element error estimate for the L?(£2) norm of the pressure
o same assumptions as for previous estimate

I _thm(Q) = Ol

RN
(4 : ,Bhulﬂ) A2 P = @

o proof: as for Stokes equations, with discrete inf-sup condition

1 .
(1+ >02 inf [V =0")]| .
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6 The Oseen Equations - Galerkin FEM

o finite element error estimates for conforming pairs of finite element spaces
o same assumptions on domain as for previous estimates
o solution sufficiently regular

[}

h — mesh width of triangulation

spaces

— Pppubble/p k= 1 (MINI element),

— Py/Pi_1, Qr/Qr—1, k > 2 (Taylor—Hood element),
Pbubble/Pdlsc Qk/ dlSC k’ Z 2

[¢]

C 1
Hv(u — uh)HLQ(Q) < 1—/2hk (Cos ||U||Hk+1(9) + m |p||H’C(Q)> ’

‘ Co
Chk’ <C§S HU||Hk+1(Q) + <1 + 1/2) |p||Hk(Q)>

IN

Hp_thL2(Q)
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6 The Oseen Equations - Galerkin FEM

o (s for ||b||L°°(Q) =1

e error bounds not uniform for small v or small time steps
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6 The Oseen Equations - Galerkin FEM

e analytical example which supports the error estimates
e prescribed solution

wm ()= () = (ol w2 )

p = m*(xy® cos(2ma’y) — xysin(2ray)) +

| =

pressure

11.235
E

velocity

3,606
ES.Z
=24

“16

Eo.s
0.000
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6 The Oseen Equations - Galerkin FEM

e (Q2/Q1, convergence of errors for ¢ = 0 and different values of
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6 The Oseen Equations - Galerkin FEM

e (Q2/Q1, convergence of errors for ¢ = 0 and different values of

5
levels levels

e ()2/Q)1, convergence of errors for ¢ = 100 and different values of v/
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6 The Oseen Equations - Galerkin FEM

e ()2/Q1, convergence of errors for 7 — 10~ and different values of ¢

,,
(lp=2"llzey
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6 The Oseen Equations - Galerkin FEM

10~ and different values of ¢

e ()2/Q1, convergence of errors for 1/

,,
(lp=2"llzey

e summary
o Galerkin discretization in some cases unstable
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6 The Oseen Equations - Residual-Based Stabilizations

e principal idea
e given: linear partial differential equation in strong form

AgirUsty = fa f € L? (Q)

Galerkin discretization

at (uh,vh) = (f7vh) Vol e vh

needed: modification of strong operator A% : V'’ — L2(Q)

str
residual

rh (uh) = Al WM — f € L2(Q)

str
generally 7" (u”) #0
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6 The Oseen Equations - Residual-Based Stabilizations

e principal idea (cont.)
e consider optimization problem

= arg min (T’h (Uh) ’T,h (uh))

) 2
argmin || (u") HL?(Q) hevh

uheVh

e necessary condition for solution (board p. 259)

(Th (uh) AR vh) =0

str
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6 The Oseen Equations - Residual-Based Stabilizations

e principal idea (cont.)
e consider optimization problem

= arg min (T’h (Uh) N (uh))

) 2
arg min HTh (uh) HL2 (Q) uhevh

uheVh

e necessary condition for solution (board p. 259)

(Th (uh) AR vh) =0

str

e generalization 6(x) > 0

arg min

16 0 ‘51/27“}’ (uh)‘ ’ = arg min (5rh (uh) rh (uh))

L2(Q) uheVh

with necessary condition

(57"h (uh) AR vh) =0

str
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6 The Oseen Equations - Residual-Based Stabilizations

e principal idea (cont.)
e minimizing residual alone: not good

o solid line — function with layer
o dashed line — optimal piece-
wise linear approximation

= residual large

e consider combination
(],h (“h’ Uh,) + ((57’]7’ (“h) ~,A£ty~’“h) _ (f 7/,h) v 7)h c Vh

optimal choice of weighting function 6(w) by numerical analysis
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6 The Oseen Equations - Residual-Based Stabilizations

e principal idea (cont.)
e minimizing residual alone: not good

o solid line — function with layer
o dashed line — optimal piece-
wise linear approximation

= residual large

e consider combination
(],h (“h’ Ub,) + ((57’]7’ (“h) ~,A£ty~’“h) _ (f 7/,h) v 7)h c Vh

optimal choice of weighting function 6(w) by numerical analysis
e cxample: Oseen equations, board p. 261
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6 The Oseen Equations - Residual-Based Stabilizations

o SUPG/PSPG/grad-div stabilization
e find (u”,p") € V" x Q" such that

Apg ((w"0") 1 (v",4")) = Lepg ((v",¢")) ¥ (v",4") € VI x Q",
with Agpe - (VXQ) X (VXQ) —R

Aspg ((w, p) , (v,9))
= v(Vu,Vou)+ ((b-V)u+cu,v) — (V-v,p) + (V- -u,q)

+ 3 ik (Vou Vo) + S o (Iplg, lallp) g

KeTh Eegh
+ Z —vAu+ (b-V)u+cu+ Vp, oy (b-V)v+067.Vq),
KeTh

and Lypg + (V x Q) = R

Lopg (v,0)) = (F,0) + D (£,05 (b V) v+ 05 Va)

KeTh
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6 The Oseen Equations - Residual-Based Stabilizations

e SUPG/PSPG/grad-div stabilization (cont.)
o finite element error analysis in [1,2]
o 5x =0y =db foral K € T"

0 = max 0 = max Uy
wern Ko HT ZERH

[1] Tobiska, Verfiirth; SINUM 33, 107-127, 1996

[2] Roos, Stynes, Tobiska; Robust numerical methods for singularly perturbed differential equations, Springer, 2008
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6 The Oseen Equations - Residual-Based Stabilizations

SUPG/PSPG/grad-div stabilization (cont.)

o finite element error analysis in [1,2]
o J =6Y% =dh forall K € Th
0 = max 0 = max
Kerh K, M KeTh KK
e no saddle point problem because of

h h h h
Z 2 (Up HE’ Hq HE)E + Z ok (Vp",Vq )K
Eegh KeTh
o analysis for elliptic partial differential equations applicable
o inf-sup stable spaces not necessary
o choice of stabilization parameters affected by choice of finite element spaces

[1] Tobiska, Verfiirth; SINUM 33, 107-127, 1996

[2] Roos, Stynes, Tobiska; Robust numerical methods for singularly perturbed differential equations, Springer, 2008
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6 The Oseen Equations - Residual-Based Stabilizations

e properties
o consistency

Aspg ((uap) ) (vh)qh)) = Lspg ((vha qh)) ) V (vh)qh) € Vh X Qh
o Galerkin orthogonality

A ((w —up—p") , (v".4")) =0, ¥ (v".¢") e V" x Q"
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6 The Oseen Equations - Residual-Based Stabilizations

o mesh-dependent norm

2

2
| + Z i IV - ol 2

2 1/2
I, = {vllwllmﬁHc/ -
KeTh

1/2
+ 5 0l + > k(b V>v+wim}
Eegh KeTh
o proof: similar to PSPG method
o additional control on error of
— divergence
— pressure jumps
— streamline derivative + gradient of pressure

o norm with pressure: later
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6 The Oseen Equations - Residual-Based Stabilizations

® existence and uniqueness of a solution

o assumptions

h? 1
/JKZOa 0<6KSH’11H > ’
3VC’i2nv 3 ||C||L°°(K)

Sg > 0itQ" ¢ C(Q)
o proof:
— coercivity, V (v", ¢") € V" x Q"

2
H (Uh’qh) Hspg

DN =

Aspg ((vh7 qh) ) (vh7 qh)) >

— == system matrix non-singular
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6 The Oseen Equations - Residual-Based Stabilizations z"“@

e stability

2 2
H(uh,ph)||2 < 1_2min{||.f||H—1(Q)7 ||f||L2(Q)}

+4 > Ok 1F 10

spg —
5 v Co [
o proof: as usual

o estimate in stronger norm than for Galerkin finite element method
o estimate for pressure with inf-sup condition possible
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6 The Oseen Equations - Residual-Based Stabilizations

e norm for finite element error estimates

1/2
10,0l = (10,0 + w52 a2 )

with
Wpres = max{l y1/2 ||c||2/j Q)}

for the interesting cases of small v and large ¢: small contribution of the pressure
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6 The Oseen Equations - Residual-Based Stabilizations

e norm for finite element error estimates

1/2
10,0l = (10,0 + w52 a2 )

with
Wpres = max { 1,72, el 12 o) }
for the interesting cases of small v and large ¢: small contribution of the pressure
o first step: inf-sup conditions for ASpg

i h _h h _h
(o et (v 7 LT () 2 e

” (uh’ph) ||SngP:1 ”(vh

Mape .

o some conditions on stabilization parameters, e.g., oh% < 6k
o proof very technical

° Pspg =0 (do)
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6 The Oseen Equations - Residual-Based Stabilizations

e finite element error estimate
H (u —u"p _ph) Hspg,p

< C

h* <V1/2 + (h + 51/2h) \|c||1L/j(m + 5172 ||b||§/j(m +61/2

+0, 2 g P W) el s

+ht ((51/2 + hmin {u‘l/Q, max {MKI/Q}} + hwp;les

+»yl/2 (h + h1/2) ) ||p||HH»1(Q)‘|

o k>1,1>0
o C independent of the coefficients of the problem
o proof: based on inf-sup condition Agpe
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6 The Oseen Equations - Residual-Based Stabilizations

e optimal asymptotics for stabilization parameters, v < h, board p. 282
o inf-sup stable discretizations with k = [ + 1

§~h?% pu~1 = order of error reduction: k
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6 The Oseen Equations - Residual-Based Stabilizations

e optimal asymptotics for stabilization parameters, v < h, board p. 282
o inf-sup stable discretizations with k = [ + 1

§~h?% pu~1 = order of error reduction: k

o equal-order discretizations with k =1 > 1

1
0~ p~h = order of error reduction: k + 3
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6 The Oseen Equations - Residual-Based Stabilizations

e optimal asymptotics for stabilization parameters, v < h, board p. 282

o inf-sup stable discretizations with k = [ + 1

§~h?% pu~1 = order of error reduction: k
o equal-order discretizations with k =1 > 1

1
0~ p~h = order of error reduction: k + 3

e optimal asymptotics for stabilization parameters, v > h
o inf-sup stable discretizations with k = [ + 1

§~h% pu~1 = order of convergence: k

o equal-order discretizations with k =1 > 1

§~h? pu~1 = orderof convergence: k
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6 The Oseen Equations - Residual-Based Stabilizations

e analytical example which supports the error estimates
e prescribed solution

wm ()= () = (ol w2 )

p = m*(xy® cos(2ma’y) — xysin(2ray)) +

| =

pressure

11.235
E

velocity

3,606
ES.Z
=24

“16

Eo.s
0.000
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6 The Oseen Equations - Residual-Based Stabilizations

e (Q2/Q) finite element
e stabilization parameters (based on numerical simulations from [1])

UK = 0.2, 6K = Olh%(

e convergence of errors for c = 0 and ¢ = 100, different values of

[1] Matthies, Lube, Rohe, Comput. Methods Appl. Math. 9, 368 — 390, 2009
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6 The Oseen Equations - Residual-Based Stabilizations

e ()2/Q1, convergence of errors for 7 — 10~ and different values of ¢

[1.p)= (00" |
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6 The Oseen Equations - Residual-Based Stabilizations

e P, /P finite element
e stabilization parameters

0.5hk ifv < hg,
5}( = Ky K MK = 0.5hK
0.5h% else,

e convergence of errors for c = 0 and ¢ = 100, different values of

1) = (02"
1) ()

0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9

levels levels
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6 The Oseen Equations - Residual-Based Stabilizations

e P; /Py, convergence of errors for v = 10~" and different values of ¢

0 1 2 3 4 5 6 7 8 9

levels
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6 The Oseen Equations - Residual-Based Stabilizations

e implementation: same approach as for Stokes equations
e grad-div term leads to matrix block

Apr A Ags Aip 0 0
A{z Aoy Aoz instead of 0 A 0
A{?) Ag?; A33 0 0 All

PSPG term introduces pressure-pressure couplings
SUPG term influences velocity-velocity coupling and the pressure (ansatz) -
velocity (test) coupling

<§ PO)(?):Q;)

much more matrix blocks to store than for Galerkin FEM

final system
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6 The Oseen Equations - Residual-Based Stabilizations

e summary and remarks
o errors || (u,p) — (u,h,ph)||8p&p independent of v/
o versions without pressure couplings available
— only for inf-sup stable pairs of finite elements
— easier to implement than SUPG/PSPG/grad-div stabilization
o numerical analysis in [1,2,3]

e other stabilizations proposed in the literature

[1] Tobiska, Verfiirth, SINUM 33, 107-127, 1996
[2] Lube, Rapin, M3AS 16, 949-966, 2006

[3] Matthies, Lube, Rohe, Comput. Methods Appl. Math. 9, 368-390, 2009
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7. The Stationary Navier—Stokes Equation
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7 The Stationary Navier-Stokes Equations

e continuous equation

—vAu+ (u-V)u+ Vp f inQ,
Veu = 0 inQ

for simplicity: homogeneous Dirichlet boundary conditions
e difficulties:

o coupling of velocity and pressure

o dominating convection

o nonlinear
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7 The Stationary Navier-Stokes Equations

e different forms of the convective term

(u-Vi)u : convective form,
V- (uuT) : divergence form,
(Vxu)xu : rotational form

o convective form and divergence form equivalent if V - « = 0 (apply product
rule to divergence form)
o convective form and rotational form

(qu)xu—i—%V(uTu):(u.v)u

definition of new pressure (Bernoulli pressure) in rotational form

1 T
PBern = P+ iu u
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7 The Stationary Navier-Stokes Equations

e different forms of the convective term (cont.)

o recent proposal [1]: EMAC (energy momentum and angular momentum
conserving)

2D (u)u+ (V-u)u

with new pressure (negative of Bernoulli pressure)

o derivation based on conservation of

kinetic energy (v = 0, f = 0)

linear momentum (f with vanishing linear momentum)
angular momentum (f with vanishing angular momentum)
helicity (v = 0)

2d enstrophy (v = 0)

vorticity (v = 0)

o none of the other forms preserves all these quantities

o first numerical experience: often among best disc. of nonlinear term

[1] Charnyi, Heister, Olshanskii, Rebholz; J. Comput. Phys. 337, 289-308, 2017
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7 The Stationary Navier-Stokes Equations

e variational form of the steady-state Navier—Stokes equations: Find
(u,p) € V x @ such that

¥Vu,Vou) + (u-Viu,v) — (V-v,p) = (f,v),
—(V-u,q) = 0

forall (v,q) €V x Q
e equivalent: Find (u,p) € V' x @ such that

(¥Vu, Vo) + ((u- V)u,v) = (V-v,p) + (V- u,q) = (f,v)

forall (v,q) €V x Q
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7 The Stationary Navier-Stokes Equations

e properties of convective term
o linear in each component (trilinear)
o u,v,w € H(Q), product rule

(u-V)v,w) = (V- (vu),w) — ((V-u)v,w)
o u,v,w € H(Q), product rule

((u-V)v,w) = (v, V(v-w)) = ((u-V)w,v)
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7 The Stationary Navier-Stokes Equations

e convective terms in the variational formulation
o convective form
nconv(ua v, ’UJ) = ((U : V)’U, w)

o divergence form
1
ndiv(ua v, w) = nconv(u, v, w) + 5 ((V ' u) v, w)

o rotational form
Neot (U, v, w) = (V X u) X v,w)

with momentum equation
(VV’U,, V’U) + nrOt(uv u, ’U) - (V ’ ’U’pBern) = (fa ’U) VoeV
o skew-symmetric form (for u weakly divergence-free, u - n = 0 on I)

1
Nskew (u) v, ’ll)) = 5 (nconv (U, v, ’lD) - nconv(ua w, ’U))
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7 The Stationary Navier-Stokes Equations

e further properties of convective term
e vanishing

o rotational, skew-symmetric, and divergence form
Mot (W, V, V) = Nskew (U, ¥, V) = naiv (U, v,v) =0
o convective: if u weakly divergence-freeand u-n =0on T

TNconv (ua v, ’U) =0

Finite EI Methods for I

pressible Flow Problems - LNCC, Petropolis, February 25 - 28, 2019 - Page 176 (305)



7 The Stationary Navier-Stokes Equations

e further properties of convective term
e vanishing

o rotational, skew-symmetric, and divergence form
Nrot (U, U, V) = Ngew (U, , V) = ngjy(u,v,v) =0
o convective: if u weakly divergence-freeand u-n =0on T
Neony (U, v,v) =0

e estimates: u,v,w € H*(Q)

IN

[Mconv (u, v, w)| ¢ ||u||H1(Q) ||V”||L2(Q) ||wHH1(Q) )

IN

[Mskew (w, v, w)| ¢ ||u||H1(Q) ||U||H1(Q) ”wHHl(Q)

o proof: board, p. 309
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7 The Stationary Navier-Stokes Equations z'ﬂ“@

® existence and uniqueness of a solution

o Q C R? d € {2,3}, bounded domain with Lipschitz boundary
o feH(Q)

[¢]

then: existence

e main ideas of the proof

o

[¢]

[¢]

equivalent problem in the divergence-free subspace, only velocity

consider problem in finite-dimensional spaces (Galerkin method)

fixed point equation, existence of a solution of the finite-dimensional problems:
fixed point theorem of Brouwer

dimension of the spaces — 0o: show subsequence of the solutions tends to a
solution of the problem in the divergence-free subspace

existence of the pressure: inf-sup condition
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7 The Stationary Navier-Stokes Equations

e existence and uniqueness of a solution (cont.)
o v sufficiently large, i.e.,

(u-V)v, w)
11l - sup
H=H®) w,v,weV ||VU||L2(Q) ||V”||L2(Q) vaHL?(Q)

2

<v

o then: uniqueness
e main idea of the proof

o construct a contraction, apply Banach'’s fixed point theorem
o use result of existence and uniqueness of solution for Oseen equations

Finite EI Methods for I

pressible Flow Problems - LNCC, Petropolis, February 25 - 28, 2019 - Page 178 (305)



7 The Stationary Navier-Stokes Equations

e existence and uniqueness of a solution (cont.)
o v sufficiently large, i.e.,
((u-V)v,w) 2
£l 1) sup <v
@) |Vu||L2(Q) ||V”||L2(Q) vaHL2(Q)

u,v,weV

o then: uniqueness
e main idea of the proof
o construct a contraction, apply Banach’s fixed point theorem
o use result of existence and uniqueness of solution for Oseen equations

o numerical simulations

o case of unique solution is of interest
o steady-state solutions unstable in non-unique case, solve time-dependent

problem

lethods for | pressible Flow Problems - LNCC, Petropolis, February 25 - 28, 2019 - Page 178 (305)

Finite El



7 The Stationary Navier-Stokes Equations

e stability

1
||V“||L2(Q) < _”fHH—l(Q)a
Il < (2||f||H o+ s )

o proof: as usual, using
n(u,u,u) =0
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7 The Stationary Navier-Stokes Equations — Galerkin FEM

e Galerkin finite element method

v (Vul, Vo) + n (v ul o) — (V-o" p") = (f,0") Vo' eVh,
(Vouh ") = 0 v eqQ

o inf-sup stable pair of finite element spaces
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7 The Stationary Navier-Stokes Equations — Galerkin FEM

e Galerkin finite element method
v (Vul, Vo) + n (v ul o) — (V-o" p") = (f,0") Vo' eVh,
—(V~uh,qh) = 0 Vgt e QM
o inf-sup stable pair of finite element spaces

o finite element error analysis for Ngkew (¢, *)

1
Nskew (uh)vh)vh) = 5 (nconv (uhavhavh) — Nconv (uhavhavh)) =0

note that in general u” & Vg, =—

TNconv (uha vha vh) 7& 0
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7 The Stationary Navier-Stokes Equations — Galerkin FEM

e Galerkin finite element method
v (Vul, Vo) + n (v ul o) — (V-o" p") = (f,0") Vo' eVh,
—(V-uh,qh) =0 Vgt e Qh
o inf-sup stable pair of finite element spaces

o finite element error analysis for Ngkew (¢, *)

1
Nskew (uh)vh)vh) = 5 (nconv (uhavhavh) — Nconv (uhavhavh)) =0

note that in general u” & Vg, =—
Neconv (uha vha vh) 7& 0

e same as for continuous problem:
o existence, uniqueness
o stability
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7 The Stationary Navier-Stokes Equations — Galerkin FEM

e Finite element error estimate for the L?(2) norm of the gradient of the velocity

o 2 C R bounded Lipschitz domain with polyhedral boundary

o v2 (| £l z7-1 () be sufficiently small such that unique solution
o inf-sup stable finite element spaces V" x Q"

HV(U_ uh)HLz(Q)

1 1 .
< c<(1+;||f||H_l(m> <1+5—£) inf ||V (u—v")

vhevh
1,
+5 Aok, llp— qhHLz(m>

o proof: main ideas and treatment of nonlinear term: board, p. 320

||L2(Q)
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7 The Stationary Navier-Stokes Equations — Galerkin FEM

e Finite element error estimate for the L?(£2) norm of the pressure
h
Hp -p ”L2(Q)

y 1 2 1 .
< op ((1 + = ||f||H1<Q>) (1 T ) AR IV (= 0" | 2

is

v 1 . h
#0ge (1 2 18 ) ot o= 0
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7 The Stationary Navier-Stokes Equations — Galerkin FEM

e Finite element error estimate for the L?(£2) norm of the pressure
h
Hp -p ”Lz(Q)

v 1 ? 1 .
< o (1 B1hew) (14 ) 19 G Pl

is
v 1 . h
0 (14 5 1) ot = o))

e analytical results can be supported numerically by analytical test examples
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7 The Stationary Navier-Stokes Equations — Galerkin FEM "ﬁ”j

e Example: steady-state flow around a cylinder at Re = 20
o domain

N 10.1m Lo § 0.41 m

o velocity

velocity
.407
0.400
0.300
-0.200
0.100

0.000

o pressure

pressure
f. 112
0.080
10,040
|u.000
-0.032
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7 The Stationary Navier-Stokes Equations — Galerkin FEM

e Example: steady-state flow around a cylinder at Re = 20
o at the cylinder
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7 The Stationary Navier-Stokes Equations — Galerkin FEM

e important: drag and lift coefficient at the cylinder

2 8Vt
Cdrag = —75— pw——mny, — Pn, | ds
2 Yy )
demean Ty on
2 8vt
Clift = —W /La—nx + P'I’Ly ds
POUmean JT n
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7 The Stationary Navier-Stokes Equations — Galerkin FEM

e important: drag and lift coefficient at the cylinder

2 3Vt
ra, = - P T d )
Cdrag der%lean /l"cyl <,LL on Ty n ) S

2 8vt
i = ————— -t P d
Clift pdUZ_ /FCyl (M on Ng + ny> s

e reformulation with volume integrals possible, long but elementary derivation, e.g.,

207
Cdrag = _W ((Z/V’U,, vwd) + n(u, u, wd) - (v : wdap) - (f7 wd))

mean

for any function wq € H'(Q) withwg = 0on T\ Tey1 and wylr,, = (1,0)7
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7 The Stationary Navier-Stokes Equations — Galerkin FEM

e reference values
o [1] : compiled from simulations of different groups

Cdrag,ref € [5.57,5.59],  ciige rer € [0.104,0.110]
o [2] : do-nothing conditions at outlet
Cdrag,ref = 9.57953523384,  ciift rer = 0.010618948146
o [3] : Dirichlet conditions at outlet

Cdrag,ref = 9.57953523384,  ciift,ret = 0.010618937712

[1] Schafer, Turek; Notes on Numerical Fluid Mechanics 52, 547-566, 1996
[2] Nabh; PhD thesis, Heidelberg, 1998
[3] J., Matthies; IUNMF 37, 885-903, 2001
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7 The Stationary Navier-Stokes Equations — Galerkin FEM

e initial grids

e patch for test function in computation of coefficients, Qo




7 The Stationary Navier-Stokes Equations — Galerkin FEM

e convective form of convective term
e do-nothing boundary conditions
e convergence of drag coefficient

error to reference drag value
error to reference drag value

107 10° 10° 10 10° 10°
degrees of freedom degrees of freedom
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7 The Stationary Navier-Stokes Equations — Galerkin FEM

e convergence of lift coefficient

-
10 o0 2/,
N o 10° e plettiy pye
2 § X=X Q/Q,
:; £ 10° B8 Q, /P
© B
b
3 3 10°
8 2
5 5 10°
G 5 1610
10" 10° 10° 10 10° 10°
degrees of freedom degrees of freedom
e ElL Methnd. I Py : 1
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7 The Stationary Navier-Stokes Equations — Galerkin FEM

e different forms of the convective term

o structure of matrix for convective, divergence, and skew-symmetric form

Aqq 0 0
A= 0 A11 0
0 0 Ap

o structure of matrix for rotational form

A A A
Ag1 Azp A
Azp Az Asz

Finite El Methods for || pressible Flow Problems - LNCC, Petropolis, February 25 - 28, 2019 - Page 190 (305)



7 The Stationary Navier-Stokes Equations — Galerkin FEM

e different forms of the convective term, Py /P,

bench2d p2 bench2d p2
v ’\\

— 104
E] °
3 S 10°
3 g1
g10° £
£ £
2 8 10°
s 2
® £ 107
210° 2
5 o
g 5
@ 107 —o—conv

skew
107 || ——rot
—e—div

10° ot

10° 10° 10°
degrees of freedom degrees of freedom

e rotational form

o reconstructed pressure has boundary layers, inaccurate results
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7 The Stationary Navier-Stokes Equations — Galerkin FEM

e schemes for solving the nonlinearity
e fixed point iteration

(m+1) (m)
u u -1 (.fa v) (m).,,(m) (m)
_ —ON; “ N (u™:u
<p(m+1)) <p(m)) 9 lin (( 0 ) < ) , P )
with

N a(u,v) + n(w,w,v) + b(v,p
(ws e, p) < ( ) g’(u q) ) ( )>
Ny, — linear operator

¥ € (0, 1] — damping factor
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7 The Stationary Navier-Stokes Equations — Galerkin FEM

e fixed point iteration

o linear system to be solved

Ju(m+y) (f,v)
. - ’ _ (m). g, (m) p(m)
Nin <(5p(m+1)> (( 0 ) N (u U P ))
o setting
Su(m+1) @Mt g (m)
then

~ (m+1) . (m)
u o (]LU) (m).,,(m) . (m) u
Nlin <[;<777+])> - << 0 > -N (’LL u » P > +N““ p(m)
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7 The Stationary Navier-Stokes Equations — Galerkin FEM

e iteration with Stokes equations

Nlin = N (O;ﬁ(m+1)aﬁ(m+1)>

e then
a(,a(7n+1)7 'l)) + b('l),f)(erl))
b(’lNI,(WH_l), q)
B (f,v) — a(u™ v) — n(u™,ul™ v) — bv, p(™)

b(a™ ,q) 0

i (a(u(m)’ v) + b(v,ﬁ(m))> N ((f7 v) — n(u™ ulm™ v)

o converges only if v is sufficiently large
o not recommended

)

)
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7 The Stationary Navier-Stokes Equations — Galerkin FEM

e jteration with Oseen-type equations, Picard iteration
Ny, = N (u<m>; ) ]5<m+1>)
e then

(a('&(m-kl)’ v) + n(u(m)7 a(m+1)7 v) + b(%ﬁ(mﬂ)))

RN
(f,v) — a(u(m), v) — n(u(m), u(™), v) — b(’u,;ﬁ(m))
a(u™ v) + n(u™ ul™ )+ b(v, ™)
+ (m)
b(ul™ q)

_ ((f,ov>>

e widely used
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7 The Stationary Navier-Stokes Equations — Galerkin FEM zﬁ@

e Newton’s method
e linear operator is derivative of the nonlinear operator at the current position

(m)
Nmsz(“ )

p(m)
o with Gateaux derivative at (u,p)”
N . ~ N(u:
p e—0 £

= N(¢;u,p) + N(u; ¢, p) + N(u,u,v)
o inserting and collecting terms

(l(ﬁ('rrl+1)7 U) + TI/(U,("”), ’EL<7"’+1), ’U) 4 n(ﬂ(m—‘rl)’ w(m) ’ U) 4 b(v’ﬁ(erl))
b(,&’(’m,+1)7q)

_ <(f-, v) + n(ul™, ulm), v)>
B 0

o analytical properties of term n('&(m“), u(™) v) unclear
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7 The Stationary Navier-Stokes Equations — Galerkin FEM

e implementation
o same principal approach as for Stokes and Oseen equations
o inf-sup stable finite elements lead to linear saddle point problems in fixed point

teration (5 5 )()=(5)
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7 The Stationary Navier-Stokes Equations — Galerkin FEM

e implementation
o same principal approach as for Stokes and Oseen equations
o inf-sup stable finite elements lead to linear saddle point problems in fixed point

teration (5 5 )()=(5)

o convective form of convective term

— Picard iteration

All 0 0
A= Ay 0
0 0 A11
— Newton iteration
Ay A Agg
A= Agp Azp Ags
Az Az Asz

Finite El Methods for || pressible Flow Problems - LNCC, Petropolis, February 25 - 28, 2019 - Page 197 (305) W



7 The Stationary Navier-Stokes Equations — Galerkin FEM

e example: Picard vs. Newton
o analytical solution
° Qg/P{iiSC
o exact solution of linear systems vs inexact solution
— inexact: reduce Euclidean norm of residual by factor 10, at most 10
iterations
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7 The Stationary Navier-Stokes Equations — Galerkin FEM

e number of iterations for solving the nonlinear problem

o ‘not conv.: solution was not obtained within 100 iterations

Picard iteration Newton’s method
v level/lin. solver inexact exact inexact exact
1/100 2 14 26 8 5
3 15 14 7 5
4 14 14 7 5
5 13 13 7 5
6 13 13 7 5
1/500 2 39 not conv. not conv. not conv.
3 32 32 not conv. not conv.
4 30 29 35 8
5 29 28 52 8
6 28 27 not conv. 8
1/1000 2 not conv. not conv. not conv. not conv.
3 36 57 not conv. not conv.
4 35 33 not conv. not conv.
5 35 31 not conv. not conv.
6 33 30 not conv. not conv.
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7 The Stationary Navier-Stokes Equations — Galerkin FEM

e Picard method
o larger convergence radius
o more robust

o Newton’s method

o faster in case of convergence and exact solution of linear systems
o properties of term n(&(m+1), (™) v) not clear
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7 The Stationary Navier-Stokes Equations — Galerkin FEM

e residual-based (and other) stabilizations possible
o better: solve time-dependent problem
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7 Solvers for Linear Saddle Point Problems

e discretization and linearization leads to algebraic linear system of equations

v (3 )0 (5)

with
Ac RdeXde7 Dc RdeXNp7 Bec RNdeNU, Ce RN:DXNP,
u, f €R™Y, p, f, € R,
such that
o R(de-i-Np)x(de-&-Np), z,y € RANo+N,

® sparse matrices
e cfficiency of simulations depends strongly on efficiency of solution of these
systems
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7 Solvers for Linear Saddle Point Problems

e sparse direct solvers
o MUMPS, pardiso, UMFPACK
o black box, easy to use
o improved considerably in the last 20 years
e jterative solvers
o (flexible) GMRES(restart), BiCGStab, . . .
o generally not necessary to solve linear systems very accurately
— common strategy: reduce Euclidean norm of residual vector by factor 10

o need preconditioner
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7 Solvers for Linear Saddle Point Problems zi@

e multigrid preconditioner
o needs hierarchy of grids
o grid transfer operators (restriction, prolongation)
o smoother (iterative method for damping high frequency error components)
o coarse grid solver, e.g., direct solver

F-cycle
level
h 3
2h 2
4h 1
8h 0
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7 Solvers for Linear Saddle Point Problems

e multigrid preconditioner (cont.)
o smoother essentially for efficiency
— for saddle point problems only block Gauss—Seidel smoothers efficient
(Vanka smoothers) [1], multiplicative Vanka smoother
— coupled treatment of velocity and pressure
o multigrid methods take time for implementation
o need some effort for parallelization

[1] Vanka; J. Comput. Phys. 65, 138—158, 1986
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7 Multiplicative Vanka Smoother

e decomposition of velocity d.o.f.V;, and pressure d.o.f. Oy,
Vi =U/_Vhj, Qn=U]_1Qn;

o A; matrix block .4 which is connected to W},; = Vi; U Qp;

-Aj — < A] Bj ) c Rdim(Whj)xdim(Whj)

Cj
e one application of multiplicative Vanka smoother: for j = 1,...,J
U U _ U
(3 )= () = ((5)-2(3)
P/ P/ g p j
e strategy:

o choose Qy;
o V; all velocity d.o.f. which are connected to pressure d.o.f. in Q;
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7 Mesh Cell Oriented Vanka Smoother

e discontinuous pressure approximation

e Wj,; ralld.o.f. which are connected to one mesh cell

e J :number of mesh cells

L 2 L J
® Q2

[ ] L 4 W
P 1

[ L 2 ol
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7 Pressure Node Oriented Vanka Smoother

e continuous pressure approximation
o dim Qj; = 1forallj
e .J : number of pressure d.o.f.

e P2
P11
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7 Size of Local Systems

o mesh cell oriented Vanka smoother

2d 3d
velo pressure total | velo pressure total
Q7r¢/Qo (RIT) 4 1 9 6 1 19
Q2 Pfise 9 3 21| 27 4 85
Q3/ Pgise 16 6 38| 64 10 202
Pj©/ Py (C/R) 3 1 7 4 1 13

e same size for all mesh cells
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7 Size of Local Systems (cont.)

e pressure node oriented Vanka smoother

]

2d 3d
velo pressure total | velo pressure total
Q2/Q1 25 1 51 | 125 1 376
Q3/Q2 49 1 99 | 343 1 1030
P,/Py 19 1 39 65 1 196
P3P 37 1 75 | 175 1 526
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7 Solvers for Linear Saddle Point Problems

e smoothers that treat velocity and pressure in decoupled way
o Least Squares Commutator (LSC) preconditioner [1,2]
o augmented Lagrangian-based preconditioner [3]

[1] Elman, Howle, Shadid, Shuttleworth, Tuminaro; SIAM J. Sci. Comput. 27, 1651-1668, 2006
[2] Elman, Silvester, Wathen; Oxford University Press, 2014
[3] Benzi, Wang; SIAM J. Sci. Comput. 33, 2761-2784, 2011
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7 Solvers for Linear Saddle Point Problems

e smoothers that treat velocity and pressure in decoupled way
o Least Squares Commutator (LSC) preconditioner [1,2]
o augmented Lagrangian-based preconditioner [3]

e LSC preconditioner

o starting point

A BT . I 0\ /A BT
B 0) \BA*' 1)J\0 S
with Schur complement
S =-BA'BT

[1] Elman, Howle, Shadid, Shuttleworth, Tuminaro; SIAM J. Sci. Comput. 27, 1651-1668, 2006
[2] Elman, Silvester, Wathen; Oxford University Press, 2014
[3] Benzi, Wang; SIAM J. Sci. Comput. 33, 2761-2784, 2011
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7 Solvers for Linear Saddle Point Problems

e |SC preconditioner

o equivalent to
-1

(g BoT> (g E;T) :<Bi—1 ?>

o ==:good right preconditioner
A BT
0o S

o approximation of Schur complement based on (commutation) ansatz

A(D wwBTAL ~ ATIBT

Isc pres

-1

iBT)~BTApes < D

Isc

D¢ — scaling matrix, diagonal matrix, positive diagonal entries
Apres — discretization of convection-diffusion operator for pressure

— S=-BA'BT~-BD'BTA"l =9,

Isc pres
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7 Solvers for Linear Saddle Point Problems

e LSC preconditioner

o determine Apres by minimizing commutation error in least squares sense
o approximation

Sise = —BD! BT (BD, .} AD;;} BT)~

Isc Isc

' BD BT

o problem for preconditioner

(0 5.)@)-G)

q
o requires A~! and inverse of Schur complement approximation

o= (8D BT) " (BDRADLBT)

e ADLBT) (BD!BT)

- (BDI;IIBT)f1 (scaled) Poisson problem

— our implementation: compute BDlgclBT explicitly = sparse direct solver
can be applied
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7 Solvers for Linear Saddle Point Problems

e numerical studies [1]

o 2d stationary Navier—Stokes equations, flow around a cylinder

computing time in sec.

10*

B/P

# dof

Q /P

10*

10°

10?

computing time in sec.

10"

# dof

Tl

L2 ]
[ R

UMFPACK, slope 1.64

FGMRES + MG(nodal), slope 0.70

FGMRES + MDML(nodal), slope 0.84

FGMRES + MG(patch), slope 0.98

FGMRES + MDML(patch), slope 1.00

FGMRES + LSC(dir), slope 1.74

FGMRES + boundary-corr. LSC(dir), slope 1.74

RS

UMFPACK, slope 1.67

FGMRES + MG(cell), slope 0.90

FGMRES + MDML(cell), slope 0.98

FGMRES + LSC(dir), slope 1.75

FGMRES + boundary-corr. LSC(dir), slope 1.73
FGMRES + LSC(ite), slope 1.78

FGMRES + boundary-corr. LSC(ite), slope 1.76

[1] Ahmed, Bartsch, J., Wilbrandt; CMAME 331, 492-513, 2018
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7 Solvers for Linear Saddle Point Problems

o numerical studies [1]
o 3d stationary Navier—Stokes equations, flow around a cylinder

P,/P Q,/P
10°f ' B
10° b E
4
g 10F g
a &
£ 107 1
v 10° b [
£ £
=1 =
] [}
> b E
=z 102} % 10
) a
1l
10 101 L 4
10* 10* 10° 10° 107
# dof # dof
%—_UMFPACK, slope 2.69 %= UMFPACK, slope 2.63
=& FGMRES + MG(nodal), slope 0.87 B8 FGMRES + MG(cell), slope 0.77
e—e FGMRES + MDML(nodal), slope 0.85 ©—e FGMRES + MDML(cell), slope 0.89
BB FGMRES + MG(patch), slope 0.95 & -A FGMRES + boundary-corrected LSC, slope 2.03
©—© FGMRES + MDML(patch), slope 1.00
& -A FGMRES + boundary-corrected LSC, slope 2.57

[1] Ahmed, Bartsch, J., Wilbrandt; CMAME 331, 492-513, 2018
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7 Solvers for Linear Saddle Point Problems

e numerical experience [1]
o stationary Navier—Stokes equations
— matrix A dominated by convective term
— behavior depends somewhat on chosen pair of finite element spaces
— sparse direct solver and LSC efficient only on coarse grids, in particular in
3d
— on finer grids some multigrid preconditioner best
— LSC preconditioner with approximate solution of system with A does not
work
e numerical experience for time-dependent Navier—Stokes equations in Chapter 9

[1] Ahmed, Bartsch, J., Wilbrandt; CMAME 331, 492-513, 2018
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8. The Time-Dependent Navier—Stokes Equations — Analysis
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8 The Time-Dependent Navier-Stokes Equations

e continuous equation

Ou —vAu+ (u-V)u+ Vp f in(0,7] x Q,
V-u = 0 in(0,7] x €,

u(0,-) = wgy inf,
with
u=0in(0,T] xT
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8 The Time-Dependent Navier-Stokes Equations

e weak or variational formulation obtained by
o multiply Navier—Stokes equations with a suitable test function ¢
o integrate on (0,7") x §2
o apply integration by parts
e weak or variational formulation
o let f € L?(0,T;V') and ug € Haiy ()
o wu is called weak or variational solution of the Navier—Stokes equations if

— wu satisfies
T
| [ o)+ v (Va0 + (@ 9yw.s) ) dar

T
= [ Ol r) dr + (0,6(0.9) V€ O (0.7) % 9).
0
— u has the following regularity

u c ? (0, T Vdiv) NL*>® (0, T; Hdiv(Q))
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8 The Time-Dependent Navier-Stokes Equations

® properties
o no time derivative with respect to u
o no second order space derivative with respect to w
o the pressure vanished because

/Vp~sodw=<v;a,so>=/p(s>so<s> n(s)ds — (p,V - p) = 0
Q T :6-/ :6-’
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8 The Time-Dependent Navier-Stokes Equations

e mathematical analysis
o 2d: existence and uniqueness of weak solution, Leray (1933), Hopf (1951)
o 3d: existence of weak solution, Leray (1933), Hopf (1951)

e Jean Leray (1906 — 1998) Eberhard Hopf (1902 — 1983)

Uniqueness of weak solution of 3d Navier—Stokes equations is open problem !
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8 Sketch of the Proof (Hopf (1951)) %

e principal idea of all existence proofs
o consider simpler problem than Navier—Stokes equations
— simpler problem has parameter such that in some limit Navier—Stokes
equations are obtained
o show existence and uniqueness of a solution of simpler problem
o show that in a limit a subsequence of these solutions converges to a weak
solution of the Navier—Stokes equations

Finite El Methods for || pressible Flow Problems - LNCC, Petropolis, February 25 - 28, 2019 - Page 222 (305)



8 Sketch of the Proof (Hopf (1951))

e principal idea of all existence proofs
o consider simpler problem than Navier—Stokes equations
— simpler problem has parameter such that in some limit Navier—Stokes
equations are obtained
o show existence and uniqueness of a solution of simpler problem
o show that in a limit a subsequence of these solutions converges to a weak
solution of the Navier—Stokes equations
e Hopf (1951): simpler problems are Navier—Stokes equations in finite-dimensional
subspace (Galerkin method)
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8 Sketch of the Proof (Hopf (1951))

e starting point: take L*(£2) orthonormal basis {v;}72; of Cg%s, (€2)
e finite-dimensional space

Vdiv = span{v'}ing © Colaiv ()
e equation in this space: Find u™ € Vi  such that

(Oru™, v") + (VVu", Vo) + n (u",u" 0") = (f 0" vy Vo €V,
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8 Sketch of the Proof (Hopf (1951))

e ansatz for solution

"(t®) =Y af (] (z)
e system of ordinary differential equations

da}
l —I—Zalja + Z mggeg oy = fi, 1=1,....n,
J,k=1
ao'(0) = we,, =1,...,n
with
a; = (VY Vo), ngr = (0] - V) og, o) = n (v],vf,07),
fi={f.v" v v, uo = (uo,vy")

e existence of unique solution: Theorem of Carathéodory (generalization of

Theorem of Peano)
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8 Sketch of the Proof (Hopf (1951)) %

e prove weak convergence of subsequence of solution in the spaces present in
definition of weak solution

e prove that nonlinear term of finite-dimensional problems converges to nonlinear
term of Navier—Stokes equations (lengthy and technical)

e prove that limit of subsequence satisfies initial condition of Navier—Stokes
equations

existence of a weak solution
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8 Sketch of the Proof (Hopf (1951)) %

e prove weak convergence of subsequence of solution in the spaces present in
definition of weak solution

e prove that nonlinear term of finite-dimensional problems converges to nonlinear
term of Navier—Stokes equations (lengthy and technical)

e prove that limit of subsequence satisfies initial condition of Navier—Stokes
equations

existence of a weak solution
® some consequences

o regularity for temporal derivative

L?(0,T; V") ifd =2,

Oyu €
' LY3(0,T;V) ifd=3
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8 Analysis for Continuous Problem

® sSOome consequences

o energy inequality
2 ‘ 2
(Ol sy +2 [ IV (0l dr

5 t
< (O +2 / (Fr )y (7) dr

— 2d: even energy equality
o stability for all times ¢

2 2 2 1 2
w220 v IVUll 1200, 4522 (0)) < HU(O)HL2(Q)+; IF L2 0,650-1 ()
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8 Analysis for Continuous Problem

e uniqueness of a weak solution
o 2d: by Sobolev imbedding

we L' (0,T;L* (Q))

— is suffient for uniqueness of weak solution

o 3d: with stronger regularity assumption, e.g., u € L% (0,T; L* (2))
o 3d: generalization [1]

u € L0, T;L9(Q)) with s>2,¢>3, —+

VNN
| w
I
—

o 3d: question is open

[1] Serrin; University of Wisconsin Press, Madison 69-98, 1963
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8 Finite Element Analysis, Time-Continuous Problem

o weak formulation: Findw : (0,7] = V,p : (0,7] — Q such that
(atuav) + (Vvu7 V'U) +n (’U;,’u,,’U) - (V : U,p) + (v " u, q) = <fa v>V’,V

forall (v,q) € V x Qand u(0,x) = ug(x) € Hqaiv ()
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8 Finite Element Analysis, Time-Continuous Problem

e weak formulation: Findw : (0,7] — V,p : (0,7] — @ such that
(8tu7v) + (Vvu7 V'U) +n (’LL,’U,,’U) - (V : Uap> + (v " u, q) = <fa v>V’,V
forall (v,q) € V x Qand u(0,x) = ug(x) € Hqaiv ()
e VhcVv,Q"cQ
e time-continuous finite element problem: Find w® : (0,T] — V",
p" : (0,T] — Q" such that
(Ou”,v") + (vVu", Vo') + n (v, u", 0")
(Vo ")+ (Veul ") = (Fo")vy
for all (v, ¢") € VP x Q" and u" (0, =) = ul(x) € V", approximation of
ug ()

o Galerkin discretization
o skew-symmetric form of the convective term
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8 Finite Element Analysis, Time-Continuous Problem

® existence, uniqueness, stability of finite element solution
o same tools as for Galerkin method in proof from Hopf
e assumption for error analysis

o data
FEL*(0,T;V'), wo€ Hy(Q), uh e VE

o solution of continuous problem
due L*(0,T;V'), VueL*(0,T;L% (), peL*(0,T;L* ()

== uniqueness of weak solution
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8 Finite Element Analysis, Time-Continuous Problem

e steps of the proof
1. derivation of an error equation and splitting of the error

o same as usual: subtract finite element problem from continuous problem
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8 Finite Element Analysis, Time-Continuous Problem

e steps of the proof
1. derivation of an error equation and splitting of the error
o same as usual: subtract finite element problem from continuous problem
2. estimate all terms on the right-hand side of the error equation
o same techniques as for Stokes and steady-state Navier—Stokes equations
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8 Finite Element Analysis, Time-Continuous Problem %

e steps of the proof
1. derivation of an error equation and splitting of the error

o same as usual: subtract finite element problem from continuous problem

N

. estimate all terms on the right-hand side of the error equation
o same techniques as for Stokes and steady-state Navier—Stokes equations
. application of Gronwall’s lemma

» W

application of the triangle inequality

o same as usual
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8 Finite Element Analysis, Time-Continuous Problem

e Gronwall’s lemma (in differential form):
LetT € Rt Uoo, f € WHE(0,7),and g, A € L' (0,T). Then

) <g@+A@) [ (1) ae in0,T]

implies for almost all ¢ € [0, T']

Ft) < exp (/Ot)\(r)ch')f(O)—i—/Otexp </st)\(7)d7')g(s)ds.
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8 Finite Element Analysis, Time-Continuous Problem

e Gronwall’s lemma (in differential form):
LetT € Rt Uoo, f € WHE(0,7),and g, A € L' (0,T). Then

[y <g@®+A@) f(1) ae in0,T]

implies for almost all ¢ € [0, T']

Ft) < exp (/Ot/\(T)dT>f(0)+/0teXp (/st)\(T)dT)g(s)ds.

o result of step 2: for all qh eQn

H ¢ ‘ —||at7l||vf Hp_qhH?L?(Q)

2 (h‘ H ’ L2 ((2) L2(Q)

C
+_ (”T’HL2(Q) ”vnHLQ(Q) ”VU/HLZ(Q) + ||uh||L2(Q) ||vuhHL2(Q) ||V77||2L2(Q

e IPula 2"

L2 (()
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8 Finite Element Analysis, Time-Continuous Problem

e integrate inequality in time
e assumptions and stability estimates show, e.g.,

t
2
70l 220y IVl 22() IVUl|72¢g) dT < oo
0

and .
Iy 90 190y r < o0

== assumptions of Gronwall’s lemma satisfied
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8 Finite Element Analysis, Time-Continuous Problem

e final error estimate: I, u(t) — appropriate projection

9 2
[[(w = ") B 2y + VIV (= ") [ 20 1,120

2 2
< C{ [(u — Iu) (t)HL2(Q) +v ||V (v~ I§u) HL2(O,t;L2(Q))

C 4 2
+exp (1/5 ||VUL4((),t;L2(SZ))> [HU{JL - Igt“(o)Hm(Q)

1 2
+;( 0% (w — Ié’tu) HL?(O,t;V’)
+ ||V (u— Iélt“) H2L4(0,t;L2(Q)) ”v“Hi“(O,t;L?(Q))

. hi2
+ thLgf(lOf,t;Qh) lp—q HL2(0,t;L2(Q)) )

1 2 1 2
it (1l 211 ) I (0= 8 e |
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8 Finite Element Analysis, Time-Continuous Problem

e final error estimate
o factor very (!) large (unrealistic)

c 4
b (yd V“”L‘*(o,t;m(m))

o useless error bound for practice

[1] J., Knobloch, Novo; Comput. Vis. Sci. 19, 47-63, 2018
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8 Finite Element Analysis, Time-Continuous Problem

e final error estimate
o factor very (!) large (unrealistic)

C 4
exp <V5 vu||L4((),t;L2(£l)))

o useless error bound for practice

o modifications with other (higher) regularity assumptions on solution possible
— exponential depends only on v~ !

o for weakly divergence-free pairs of spaces

— simplest form of convective term can be used in analysis
nconv(uv v, ’U}) = ((’LL ’ V)’U, w)

— exponential does not depend on inverse powers of v

[1] J., Knobloch, Novo; Comput. Vis. Sci. 19, 47-63, 2018
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8 Finite Element Analysis, Time-Continuous Problem

e final error estimate
o factor very (!) large (unrealistic)

C 4
exp <V5 vu||L4((),t;L2(£2)))

o useless error bound for practice

o modifications with other (higher) regularity assumptions on solution possible
— exponential depends only on v~ !
o for weakly divergence-free pairs of spaces

— simplest form of convective term can be used in analysis
nconv(uv v, ’U}) = ((’LL ’ V)’U, w)
— exponential does not depend on inverse powers of v

e estimate for pressure: lengthy and very technical
e survey of open problems in [1]

[1] J., Knobloch, Novo; Comput. Vis. Sci. 19, 47-63, 2018
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8 Finite Element Analysis, Time-Continuous Problem

e example with analytical solution (Beltrami flow)

pressure

3.2
EO

5.09
L

[N
o

&

®

-9.76

o Q2/Q1

o very small time step (temporal error negligible)
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8 Finite Element Analysis, Time-Continuous Problem

e example with analytical solution (Beltrami flow): convergence of velocity errors

[[(=u") (Dl )

119 (a=") 700 72700

1|V (uu)]|

o)

(Ja—u") (D)

level
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9. The Time-Dependent Navier—Stokes Equations — Schemes
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9 The Time-Dependent Navier-Stokes Equations

e implicit #-schemes as semi discretization in time
o Atn-i—l =tnt1 —tn

o subscript k for quantities at time level k

Upp1 + 01 Aty g1 [—VAUR L1 + (U1 - V) Uppr] + Algp1 VDr4a

up — 02Atn+1[—yv cAug + (ug - V) uk] + 03Aty 1 £
+0sAt 11 frt1s

V- Uk+1 07
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9 The Time-Dependent Navier-Stokes Equations

e implicit #-schemes as semi discretization in time
© Atn-i—l =tnt1 —tn
o subscript k for quantities at time level k

Upp1 + 01 Aty g1 [—VAUR L1 + (U1 - V) Uppr] + Algp1 VDr4a
= up — LAl 1 [-VV - Auy + (ug - V) ug] + 03 At 11
+0,1 A1 Frrts
Veougpr = 0,

e one-step f-schemes: n = k
‘ 04 0o 05 04 tr tht1 Atg1 | order

forward Euler scheme 0 1 1 0 tn tny1 Atn
backward Euler scheme (BWE) 1 0 0 1 tn  tnt1  Atnt 1
Crank—Nicolson scheme (CN) 05 05 05 05 tn tng1  Atlpyr 2

Finite El Methods for || pressible Flow Problems - LNCC, Petropolis, February 25 - 28, 2019 - Page 238 (305)



9 The Time-Dependent Navier-Stokes Equations

e fractional-step #-scheme [1]
o three-step scheme
o two variants

921—?, 0=1-20, T=1 "¢ n=1-—r71
(91 (92 93 94 tk tk+1 Atk+1 order
FSO | 70 n8 nf 70 tn tn + 0At, 11 OAt, 11
n0 10 70 ml bty 4+ O0Atny1  tngr — At OALag | 2
T9 7]9 779 T9 tn+1 — 9Atn+1 tn+1 9Atn+1
FS1 70 779 0 0 tn tn + eAtn+1 9Atn+1
no 10 0 0  tn+0Atny1  tpy1 — 0Nt OAE, | 2
70 ’170 0 0 tnyl — 9Atn+1 tnt1 aAtn.t,_l

[1] Bristeau, Glowinski, Periaux: Finite elements in physics, North-Holland, 73—-187, 1986
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9 The Time-Dependent Navier-Stokes Equations

e popular approaches: BWE, CN, BDF2
o stability
o BWE, FSO0, FS1, BDF2: strongly A-stable
o CN: A-stable
e FS1 less expensive than FSO if computation of right-hand side costly
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9 The Time-Dependent Navier-Stokes Equations

e popular approaches: BWE, CN, BDF2
e stability
o BWE, FSO0, FS1, BDF2: strongly A-stable
o CN: A-stable
e FS1 less expensive than FSO if computation of right-hand side costly
e number of papers with finite element error estimates available
o proofs become long

o same techniques as for continuous-in-time problem + discrete Gronwall’s
lemma
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9 The Time-Dependent Navier-Stokes Equations %

e implementation
o goes along the same lines as for Stokes and Navier—Stokes equations
o additional loop over time instances needed

o temporal derivative leads to mass matrix \/: symmetric, positive definite
o principal form of the system

M + 9Atn+1A 9Atn+1BT gn+1 _ rhs
At, 1B 0 B

— mass matrix dominant for small time steps (good property!)

— our experience: scaling of discrete continuity equation very helpful for
efficiency of solvers

Finite Element Methods for Incompressible Flow Problems - LNCC, Petropolis, February 25 - 28, 2019 - Page 241 (305) W



9 The Time-Dependent Navier-Stokes Equations

e flow around a cylinder
o reference curves for drag and lift [1]

3

25|

°
N

drag coeffcient
S

lift coefficient
°
°

0.0] —0.4)
1 2 3 a 5 6 7 1 2 3 a4 5 6 7
time time
[1]J., Rang, CMAME 199, 514-524, 2010
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9 The Time-Dependent Navier-Stokes Equations

o refinement in space with Qo / P{1is°

P/ Py Qo Pjisc
level | velocity pressure all | velocity pressure all
3 25408 3248 28 656 27 232 9984 37 216

4 100 480 12704 113184 | 107 712 39936 147648
5 399 616 50240 449856 | 428416 159744 588 160

o refinement in time: A¢ € {0.02,0.01, 0.005}
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9 The Time-Dependent Navier-Stokes Equations

e error to the reference curve for the drag coefficient

backward Euler, level 3 Crank-Nicolson, level 3
g 0.00 g
2 g
] o
k2 g
o ®
o —0.05] o
I e
5 5
8 ]
£ -0.10 2
b 5
time time
backward Euler, level 4 Crank-Nicolson, level 4
g 0.00 g
2 g
g ]
3 @
© ©
o —0.05] o
g e
5 5
2 2]
£ —0.10| g
b 5
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9 The Time-Dependent Navier-Stokes Equations

e error to the reference curve for the drag coefficient

backward Euler, level 5 0.04 Crank-Nicolson, level 5

error to drag reference
error to drag reference

o o
g g
g g
o ]
& &
2 @
g g0.02
s s
2 2
g g 0.01
b b
0.00
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9 The Time-Dependent Navier-Stokes Equations

e error to the reference curve for the lift coefficient

d Euler, level 3

g g
§ §
g 2
I3 I

& & 0.0
2 2

s 8 0.
g g

-0.4]

1 2 3 4 5 6 7 1 2 3 4 5 6 7
time time
backward Euler, level 4 o Crank-Nicolson, level 4

8 g
2 2

3 S
2 o

£ 0.0 £ 00

E ‘_3 =0.1]
5 -0.2 5

3 g -0.2

—0.4 —0.3]

1 2 3 4 5 6 7 04 1 2 3 4 5 6 7
time time
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9 The Time-Dependent Navier-Stokes Equations

e error to the reference curve for the lift coefficient

backward Euler, level 5 Crank-Nicolson, level 5

error to lift reference
error to lift reference

time

fractional-step, level 4

00611 Ar=0.02, [e]+y,~0.0517
- At=0.01, ks, ~0.0172
° o 004 A1-0.005, ], ~0.0070
g g
g g
] 2 0.02
k- 3
I3 o
& &£ 0.00
2 °
T < -0.02
g g
] @ _0.04
~0.06}
1 2 3 4 5 6 17
time time
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9 The Time-Dependent Navier-Stokes Equations

e temporal evolution of lift coefficient

backward Euler, level 4

Crank-Nicolson, level 4

0.15

0.10

0.05

0.00

lift coefficient
lift coefficient

—0.05]
—0.10|

—0.15]

—0.20!

o BWE much to inaccurate (dissipative)
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9 Assessment of Preconditioners

e numerical studies [1]
e same solvers as for stationary Navier—Stokes equations
o 2d time-dependent Navier—Stokes equations, different refinement levels

P,/P, Qy/ P
5000 15000 00
20000]
2000)
. 10000 .
I I
2000)
g 9 10000
= =
2 1000 3 1000
€ €
b= 5000 b= 5000)
o j=
£ 500 £
5 5
Q Q
€ €
o o
S S
2000
200 A
1 a---k N
001 0005 0.0025 001  0.005 00025 001 0005 0.0025 0.01  0.005 0.0025
time step time step time step time step

UMFPACK
FGMRES + MG(nodal, F(1,1))
FGMRES + MDML(nodal, F(1,1))
FGMRES + MG(patch, F(1,1))
FGMRES + MDML(patch, F(1,1))
FGMRES + LSC(dir)

FGMRES + LSC(ite)

RSP

[1] Ahmed, Bartsch, J., Wilbrandt; CMAME 331, 492-513, 2018
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9 Assessment of Preconditioners

e numerical studies [1]
e same solvers as for stationary Navier—Stokes equations
o 3d time-dependent Navier—Stokes equations

P,/P, Q,/Q, e Q,/Q
o0 %
10° 10°
10°
5 5 10°
g o o 5]
a 2 ’/4 2 I3
£ 10 -V £ < <
@ ‘—/";/" o ././' o o
- o
£ ./I/. Ew - £ £ " v
C ° P el a T 10 PP
g S E TR e
S 10 B} ] P AN ]
v B
3
PO, 10 . |
o by 10
10% L daladelis 0 -
0.01  0.005 0.0025 0.01  0.005 0.0025 001 0005 0.0025 001 0005 0.0025
time step time step time step time step

%= UMFPACK
FGMRES + MG(nodal, F(1,1))
FGMRES + MDML(nodal, F(1,1))
FGMRES + MG(patch, F(1,1))
FGMRES + MDML(patch, F(1,1))
FGMRES + LSC(dir)

FGMRES + LSC(ite)

RS

[1] Ahmed, Bartsch, J., Wilbrandt; CMAME 331, 492-513, 2018
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9 Solvers for Linear Saddle Point Problems

e numerical studies [1]
o time-dependent Navier—Stokes equations

— mass matrix dominates discrete momentum equation

— LSC with iterative solution of system with A (norm of residual reduced by a
factor of 100 with BiCGStab) best for small time steps

— expensive setup & factorization of Poisson-type matrix only in first time step

— number of BiCGStab iterations decreases with smaller time steps

— for largest time step often some multigrid method best

[1] Ahmed, Bartsch, J., Wilbrandt; CMAME 331, 492-513, 2018
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9 Solvers for Linear Saddle Point Problems

e numerical studies [1]
o time-dependent Navier—Stokes equations
— mass matrix dominates discrete momentum equation
— LSC with iterative solution of system with A (norm of residual reduced by a
factor of 100 with BiCGStab) best for small time steps
— expensive setup & factorization of Poisson-type matrix only in first time step
— number of BiCGStab iterations decreases with smaller time steps
— for largest time step often some multigrid method best
e recent experience: LSC works well in parallel framework with small number of
processors
o 50 processors (largest machine of the institute)
o MPI
o MUMPS for solving Poisson-type problem

[1] Ahmed, Bartsch, J., Wilbrandt; CMAME 331, 492-513, 2018
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iy

9 The Time-Dependent Navier-Stokes Equations

e projection method
o motivation: schemes without need to solve (nonlinear) saddle point problems
o survey in [1]

[1] Guermond, Minev, Shen, CMAME 195, 6011-6045, 2006
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9 The Time-Dependent Navier-Stokes Equations

e idea: decoupled NSE to obtain separate equations for velocity and pressure
o approximation of time derivative given (g-step scheme)

~1 q
1 q
o (tngr) ~ At (Tqun+1 + ZTjunJ) ; ZTJ =0
i=0 i=0

o equation for intermediate velocity: given p or Vp

1 =
N (Tq’an+1 + ZTjun—j> —vAu+(a-V)a=f—-Vp inQ

i=0
o correction step for divergence-free velocity

1 - N A
A (TqUnt1 — Tqlny1) + Vo (@) +Vp = Vp inQ,

Veupyr = 0 in Q

() — given function
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9 The Time-Dependent Navier-Stokes Equations

e velocity computed in projection step is L2(Q) projection of &, into

Haiv(Q) ={v e L*(Q), V- ve L*Q) : V-v=0andv-n=00nT}
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9 The Time-Dependent Navier-Stokes Equations

e non-incremental pressure-correction scheme
°op=0¢()=0
o proposed in [1,2]
o with backward Euler

e intermediate velocity
i"n—kl + Atn+1 (—I/Aﬂn+1 + (ﬁ'n . V)’EL”+1) =u, + Atn+1fn+1 in

with @, 41 =0on T
e projection step

Up+1 + Atn+1Vpn+1 = ﬁn—i—l in Q,
V- Up+1 — 0 in Q,
Upt1-n = 0 onI’

[1] Chorin, Math. Comp. 22, 745-762, 1968
[2] Temam, Arch. Rational Mech. Anal. 33, 377-385, 1969
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9 The Time-Dependent Navier-Stokes Equations

e non-incremental pressure-correction scheme (cont.)
e taking divergence of projection step

V - Vpni1 = Appgr = V- tni1

Atn+1

o Poisson equation for the pressure
o boundary condition

1

———(u —u ‘n=0
Atn+1( n+1 n+1)

Vpn+1 n =
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9 The Time-Dependent Navier-Stokes Equations

e non-incremental pressure-correction scheme (cont.)
e taking divergence of projection step

V- Vpns1 = Appy1 = V- tni1

Atn+1

o Poisson equation for the pressure
o boundary condition

1

———(u —u -m=20
Atn+1( n+1 n+l)

Vpni1-n =
e error estimates: (@, p) result of projection step
lp— Z_7||zoo(o,T;L2(Q)) + [l — ﬁHzoo(o,T;Hl(Q)) <C(u,p,T) At'?

if in addition domain has regularity property

e = Tlloo 0, 7522(02)) + 1% = Wll1oc 0,7 12(02)) < C (w,p, T') At
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9 The Time-Dependent Navier-Stokes Equations zﬁ@

e non-incremental pressure-correction scheme (cont.)

O O O O O

inf-sup stable finite elements not necessary

however, spurious oscillations may appear if the time step becomes too small
low orders of convergence

splitting error is O (At) = first order time stepping scheme sufficient

artificial Neumann boundary condition for the pressure induces a numerical
boundary layer
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9 The Time-Dependent Navier-Stokes Equations

e standard incremental pressure-correction scheme

© ﬁ:pns@(') =0
o with BDF2
e intermediate velocity

3&n+1 + 2At (—VAﬁn+1 + (ﬂn . V)’&n+1)
= du, —u,_1 + 2At (-fn+1 - Vpn) in €2,

with @, 1 =0onT
e projection step

3un+1 + 2AtV (pn_;,_l — pn) = 3’&”_»,_]_ in Q,
V- Up+1 = 0 in Q,
Up+1-n = 0 onI
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9 The Time-Dependent Navier-Stokes Equations

e standard incremental pressure-correction scheme (cont.)
e taking divergence of projection step

3 .
2Atv Upyq N

o Poisson equation for the pressure update

A (pn+1 - pn)

o boundary condition

V (prnt1—pn) - m=0 onT
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9 The Time-Dependent Navier-Stokes Equations

e standard incremental pressure-correction scheme (cont.)
e taking divergence of projection step

3 .
2Atv Upyq N

o Poisson equation for the pressure update

A (pn+1 - pn)

o boundary condition
V (prnt1—pn) - m=0 onT
e error estimates, with appropriate initial step, (w, p) result of projection step
[F2 _2_?||10°(0,T;L2(Q)) + flu — ﬁ‘llw(O,T;Hl(Q)) < C(u,p,T)At
if in addition domain has regularity property

e =@l 07,2 (52)) + 18 = @llp20, 7522 (y) < C (0,0, T) A
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9 The Time-Dependent Navier-Stokes Equations

e standard incremental pressure-correction scheme (cont.)

o similar estimates for Crank—Nicolson scheme

o splitting error is O (AtQ) == second order time stepping scheme sufficient

o artificial Neumann boundary condition for the pressure induces a numerical
boundary layer

o non inf-sup stable pairs of finite element spaces need stabilization
— consider steady-state solution, then problem for u,, 1 is of saddle point

type
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9 The Time-Dependent Navier-Stokes Equations

e rotational incremental pressure-correction scheme

S ﬁ:pnﬂp(ﬁ) =vV - Uy
o with BDF2

e intermediate velocity

3&n+1 + 2At (—VAﬁn+1 + (ﬂn . V)’&n+1)

= du, —u,_1 + 2At (-fn+1 — Vpn) in €2,

with @, 1 =0onT
e projection step

3un+1 + 2AtV (pn+1 - pn)

311n+1 — 2UALV (V . ﬂn+1)

in €,
V- Up+1 0 in Q,
Upt1 N 0 onI’
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9 The Time-Dependent Navier-Stokes Equations

e rotational incremental pressure-correction scheme (cont.)
e taking divergence of projection step
3

Aﬁn == Q_Atv . ﬁn—i—l with pn = Pn+1 — Pn + vV '&n,+l

o Poisson equation for the modified pressure
o boundary condition

Vpn+1~n:(an—VVxqunH)'nonF

Finite El Methods for || pressible Flow Problems - LNCC, Petropolis, February 25 - 28, 2019 - Page 262 (305)



9 The Time-Dependent Navier-Stokes Equations

e rotational incremental pressure-correction scheme (cont.)
e taking divergence of projection step
- 3 - L -
Apn == Q_Atv cUp4+1 with Pn = Pn+1 — Pn + vV Unp+1
o Poisson equation for the modified pressure

o boundary condition
Vo1 -n = (fn+1 -V x V x un+1) -nonl
e error estimates, with appropriate initial step, (@, p) result of projection step
1P = Dlli2 0,720y + 1t = @lli20, 7,111 (02))
+ 1w =@z 0,011 () < C (w0, T) A2
if in addition domain has regularity property

[[w— ﬁ”l2(0,T;L2(Q)) + [u— &”lz(O,T;LZ(Q)) < C(u,p,T) At?
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9 The Time-Dependent Navier-Stokes Equations

e rotational incremental pressure-correction scheme (cont.)
o equivalent formulation of velocity step

3un+1 + 2A¢ (VV XV X Upq1 + (ﬂn . V)’an+1 + Van)
= du, —unp_1 +2A0F, in 2,
Veuppyr = 0 in Q
o boundary condition for the pressure is consistent, can be derived from the
Navier—Stokes equations
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9 The Time-Dependent Navier-Stokes Equations

e only u, 1 needed in implementation
e our experience with non-incremental and standard incremental scheme: very
inaccurate at boundaries (bad drag and lift coefficients)
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9 The Time-Dependent Navier-Stokes Equations

e periodic vortex street in 2D

W
m
"
3

ua12}J90d beip

time

time

=0.2874

0.005, St

incr. press. corr., At

incr. press. corr., At

=0.3003

0.005, St

coupled fully implicit, At

2dUBIBYIP BINSS

d

time
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10. Outlook: Simulation of Turbulent Flows
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10 The Time-Dependent NSE — Turbulent Flows

e continuous equation: incompressible Navier—Stokes equations

du—2Re 'V -D(u)+ V- (uu?)+Vp = f in(0,7]xQ
V-u = 0 in[0,T] xQ
u(0,2) = wup in)

+ boundary conditions

e turbulent flows: Re very large
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10 The Time-Dependent NSE - Turbulent Flows ‘f“@

e continuous equation: incompressible Navier—Stokes equations

du—2Re 'V -D(u)+ V- (uu?)+Vp = f in(0,7]xQ
V-u = 0 in[0,T] xQ
u(0,2) = wup in)

+ boundary conditions

e turbulent flows: Re very large
e There is no exact definition of what is a turbulent flow !
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10 Turbulent Flows

e model: incompressible Navier—Stokes equations

du —2Re 'V -D(u) + V - (uu®) + Vp f in(0,T] xQ
V-u = 0 in(0,7T] xQ
u(0,2) = wup in
+ boundary conditions

e turbulent flows: Re very large

@]

river flows

[}

storms

[¢]

flow around obstacles, e.g., cars
o :

e There is no exact definition of what is a turbulent flow !
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10 Turbulent Flows (cont.)

e possess flow structures of very different size
o hurricane Katrina (2005)

o some large eddies (scales), many very small eddies (scales)
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10 Characteristics of Turbulent Flows

e Richardson energy cascade [1]: energy is transported in the mean from large to
smaller eddies

o start of cascade: kinetic energy introduced
into flow by productive mechanisms at
largest scale

o inner cascade: transmitting energy to
smaller and smaller scales by processes
not depending on molecular viscosity

o end of cascade: molecular viscosity enforc-
ing dissipation of kinetic energy at smallest
scales

e smallest scales important for physics of the flow

[1] L.F. Richardson; Weather Prediction by Numerical Process, Cambridge University Press, 1922
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10 The Kolmogorov Energy Spectrum

e energy of scales in wave number space (Fourier space)

log E(k)

energy !
production |

energy transfer

energy dissipation

energy—containing | inertial subrange : dissipation log k
&

range B ™ range
: universal equilibrium range

e [k —wave number
o E(k) —turbulent kinetic energy of modes with wave number k
o k%/3 —law of energy spectrum: E(k) ~ €2/3k=5/3
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10 Size of the Smallest Scales

e Kolmogorov [1]:

energy is dissipated from eddies of
size
)\ ~ Re 3/4

Kolmogorov scale

[1] A. Kolmogorov; C. R. (Doklady) Acad. Sci. URSS (N.S.) 30, 301-305, 1941
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10 Impact on Numerical Simulations zﬁ@

e Direct Numerical Simulation (DNS) aims to simulate all persisting eddies
o Q:(O,l)3 = L=1
o approx 107 cubic mesh cells (= 215%)
o low order method (mesh width = resolution of discretization)
o = A=1/215
o = Re = 1290

e applications: Reynolds numbers larger by orders of magnitude
Direct Numerical Simulation not feasible !

e only resolved scales can be simulated
e transition from resolved to unresolved scales usually in inertial subrange
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10 Remarks to 3d vs. 2d

e smallest scales in 2d flows [1]: A ~ Re~!/2

e vortex stretching
o vorticity: w =V X u
o neglect viscous term for large Reynolds numbers

Dw Ow
E—E+(U~V)w~w-vu

— equation of infinitesimal line element of material
— if Vu acts to stretch the line element than |w| will be stretched, too =
vortex stretching, important feature of turbulent flows
— 2d: right-hand side vanishes == no vortex stretching
e 2d high Reynolds number flows create large structures (eddies)
e 3d turbulent flows destroy large structures (eddies)

2d flows at high Reynolds number are qualitatively different from 3d turbulent flows

[1] R.H. Kraichnan; Physics of Fluids 10, 1417-1423, 1967
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10 Turbulent Flows: Summary %

direct simulation not possible
only large scales can be simulated
physics: (very) small scales important, have to be taken into account
Main questions for turbulence modeling (simulation of turbulent flows):
o How to define large?

— spatial averaging == Large Eddy Simulation (LES)

— projection in appropriate function spaces = Variational Multiscale (VMS)
Methods

o How to model the impact of the small scales onto the large scales?
— several proposals and dozens of variants
— here: Smagorinsky model (most popular)
e turbulence models should be less complex than the Navier—Stokes equations
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10 Large Eddy Simulation f“@

e main idea in LES: large scales defined by averaging in space (convolution with
filter function)
o filter out small flow structures
o damp high wave numbers
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10 Large Eddy Simulation Lot

e main idea in LES: large scales defined by averaging in space (convolution with
filter function)
o filter out small flow structures
o damp high wave numbers

e two-scale decomposition of the flow: large and unresolved scales

u=u+u, p=p+yp

o wu,p :large scales
o u’,p’ : subgrid scales
e goal of LES : approximate w, p == one needs equations for w, p
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10 The Space-Averaged Navier-Stokes Equations (cont.)

e derivation of space-averaged Navier—Stokes equations (literature) :
o filter Navier—Stokes equations with filter function g

gx(V-u)=V-u
o assume that convolution and differentiation commute
gx (V- )=V-(gx-)
o commute both operators

g5 (V-u) =V (gxu) =V @

—> expression for w
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10 The Space-Averaged Navier-Stokes Equations (cont.)

e assumption on commutation only valid for constant filter width and away from
boundaries
e mathematical analysis [1,2,3] shows that commutation error is not negligible

e practice: no approach to incorporate commutation errors, they are simply
neglected

[1] Dunca, J., Layton: Contributions to Current Challenges in Mathematical Fluid Mechanics, Birkhauser Verlag, 53 — 78, 2004
[2] Berselli, J.: Math. Methods Appl. Sci. 29, 1709 — 1719, 2006

[3] Berselli, Grisanti, J.: J. Comp. Appl. Math. 206, 1027 — 1045, 2007
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10 The Space-Averaged Navier-Stokes Equations (cont.)

e assumption on commutation only valid for constant filter width and away from
boundaries

e mathematical analysis [1,2,3] shows that commutation error is not negligible

e practice: no approach to incorporate commutation errors, they are simply
neglected

e space-averaged Navier—Stokes equations in (0, T] x R?

Ouw—20V-D(u)+V-(uw’)+Vp = f+V-(ﬁﬂT—uuT)
V-u

e main issue in LES : model V - <H ul — uuT) with (@, D)
o many proposals

[1] Dunca, J., Layton: Contributions to Current Challenges in Mathematical Fluid Mechanics, Birkhduser Verlag, 53 — 78, 2004
[2] Berselli, J.: Math. Methods Appl. Sci. 29, 1709 — 1719, 2006

[3] Berselli, Grisanti, J.: J. Comp. Appl. Math. 206, 1027 — 1045, 2007
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10 The Smagorinsky Model Lok

e most popular LES model
e derivation based on physical understanding: Boussinesq hypothesis

Turbulent fluctuations are dissipative in the mean.

= V- (uuT - ﬁﬂT) ~ -V . (vrD(@)) +termsinc.in p

v — eddy viscosity, turbulent viscosity
vr = co0” D (@)l

e no explicit filter (possible to derive for homogeneous isotropic turbulence)
e Smagorinsky parameter

o ¢ should correspond to local mesh width (difficulty: anisotropic grids)
o constant (often of order 0.01)

o different proposal: functions in space and time (dynamical Smagorinsky model)
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10 The Smagorinsky Model (cont.) zﬁ@

e weak equation posseses unique solution Vw € L3(0,7T; L3(€)) in 2d and 3d
for large data and large time intervals [1]
o more known than for Navier—Stokes equations (uniqueness in 3d)

N~

Olga Alexandrovna Ladyzhenskaya (1922 — 2004)

[1] O.A. Ladyzhenskaya; Trudy Mat. Inst. Steklov. 102, 85-104, 1967
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10 The Smagorinsky Model (cont.) z"“@

e weak equation posseses unique solution Vw € L3(0,7T; L3(€)) in 2d and 3d
for large data and large time intervals [1]
o more known than for Navier—Stokes equations (uniqueness in 3d)

=~

Olga Alexandrovna Ladyzhenskaya (1922 — 2004)
e practical experience
o introduces often too much viscosity = dynamical Smagorinsky model
o smaller parameters at boundaries necessary, e.g., van Driest damping

[1] O.A. Ladyzhenskaya; Trudy Mat. Inst. Steklov. 102, 85-104, 1967
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10 LES: Summary Z'ﬂ“@

e analysis and modeling
o commutation errors arise, partially analyzed, important near boundaries
o Smagorinsky model with constant cg well analyzed (existence, uniqueness of
solution, finite element errors)
e practical application of LES models
o many models proposed, used
o Smagorinsky model (and variants) very popular
e |iterature
o best reference [1]
o more mathematical: [2,3]

[1] P. Sagaut; Large eddy simulation for incompressible flows, Springer, 2006
[2] L. Berselli, T. lliescu, W.J. Layton; Mathematics of large eddy simulation of turbulent flows, Springer, 2006

[] J.; Finite Element Methods for Incompressible Flow Problems, Springer Series in Computational Mathematics 51, 2016
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10 Variational Multiscale (VMS) Methods

e Variational Multiscale (VMS) methods

o going back to [1,2]

o main features
— based on variational formulation of Navier—Stokes equations
— scale separation defined by projections, different definition of large scales

than in LES!

o different realizations of VMS methods

o survey on derivation, properties, mathematical results, computational
experience in [3,4]

[1] Hughes; Comp. Meth. Appl. Mech. Engrg. 127, 387-401, 1995
[2] Guermond; M2AN 33, 1293-1316, 1999
[3] Ahmed, Chacén Rebollo, J., Rubino; Arch. Computat. Methods Engrg. 24, 115 — 164, 2017

[4] J.; Finite Element Methods for Incompressible Flow Problems, Springer Series in Computational Mathematics 51, 812 pages, 2016

1
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10 Basic Concepts

e two-scale VMS method
o decomposition in resolved and small scales

u=u+u', p=p+yp
gives decomposition of weak form of Navier—Stokes equations

A(u; (@,p), (©,9) + A(w; (v',p'),(v,9) = F(v)
A(u; (@,p), (v, ¢) + A(u; (v, p), (v'.q) = F(v')

U= <u>7 V= <v> and so on
p q

A(uw; U, V) = Ay, (U, V) 4+ n(u,u,v)

e with notation

e decompose
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10 Basic Concepts (cont.)

e rewrite small scale equation

Ay (U V') + 0w/ v') = = (Res (U) . V') oy v o
with
Ay (U, V') = An (U, V') +n( u,v)+n (o, v)
(Res (U), V') oy wxg = Am(T,V)+ (ﬁﬂ )= (0

e interpretation: unresolved scales are a function of the residual of the resolved
scales

U =Fy (—Res(U)) or U =Fy(—Res(U),u,y)

e goal of two-scale VMS method: find an approximation of F'gs
o usually NO physcial turbulence model involved, justification in [1]

[1] Guasch, Codina; Comp. Meth. Appl. Mech. Engrg. 261/262, 154-166, 2013
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10 Basic Concepts (cont.)

e three-scale VMS method
e decomposition of velocity and pressure

o the large scales (u, D)
o the small resolved scales (U, p)

o the unresolved scales (u/, p’)

e decomposition of equation
A(u; (w,p), (v,7)) + A(u; (u,p), (v,7) +A (u; (u Cp’),(ﬁa))
A(u; (w,p), (v,7) + A(u; (u,p), (@ 9) + Alu; (o', p'), (v,7))

U L)+ A (o )(v’,q’))

e neglect blue terms
o unresolved scale test functions not available
o direct impact of unresolved scales onto large scales can be neglected

e model orange term
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10 Basic Concepts (cont.)

A(u+w; (u,p),(v,9) + A@+u;(u,p), (0,9) = F(@),
A(u+w;(u,p), (v,7) + A@+a; (w,p), (v,9))
+T (u+u; (w,p), (u,p), (v,q) = F ()

e model is usually physical based, like an eddy viscosity model (Smagorinsky

model)

e approximation of (&, p) denoted by (w", ")
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10 A Two-Scale Residual-Based VMS Method

e proposed in [1]
e orthogonal spaces, with L2 projection or elliptic projection
VxQ=(VaV)x(@aq),
e derivation based on perturbation series for ¢ = HRes (U)
be small

H(VXQ)” assumed to

U'=£U’1+62U'2+...=ZEiU2

e inserting series in equation for small scales, ordering terms

AU( /1,V/) - _< R(f(ﬁ) 7V/> |
HReS (U)H (VxQ)’ (VxQ),(VXQ)

Ay (UL V)

i—1
gnuu 'u 7> 2
J=1

[1] Bazilevs, Calo, Cottrell, Hughes, Reali, Scovazzi; Comput. Methods Appl. Mech. Engrg. 197, 173-201, 2007
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10 A Two-Scale Residual-Based VMS Method

e modeling steps

o take only first term of series

U ~eU) = ||Res () ||(VXQ), U,

o proposal from [1]: use linear approximation
Res (U)
|Res (U) H(VXQ)’

0 — stabilization parameter (tensor-valued)

U~ -6

)

[1] Bazilevs, Calo, Cottrell, Hughes, Reali, Scovazzi; Comput. Methods Appl. Mech. Engrg. 197, 173-201, 2007
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10 A Two-Scale Residual-Based VMS Method zﬁ@

o model of the small scales

v = e (1))

B O (Owh — vAW" + (w" - V) wh + Vrh — f)\ res”
- ( (v )= (o

res
e resulting method: Find w” : (0,7] — V" rh . (0,T] — Q" satisfying

(at'wh,vh) + (21/]]]) (wh) ,D ('vh)) +n (wh wh, v ) (V wh, h)
- (V- v", h) + (res{f’,V -v") + (res), Vq") —n (res], w", v")

—n (w", resl v") +n (resl res , v") = (f,v")v: v

forall (v, ¢") € VP x Q"

)
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10 A Two-Scale Residual-Based VMS Method

e the additional terms
o grad-div stabilization
o SUPG terms
o model for second cross term and subgrid scale term

e proposal of stabilization parameter in [1] gives for uniform meshes and
convection-dominated regime &y, ~ hand p ~ h

o optimal choice for SUPG/PSPG/grad-div method for Oseen equations and
equal-order interpolations

e numerical studies in the literature only for equal-order interpolations

[1] Bazilevs, Calo, Cottrell, Hughes, Reali, Scovazzi; Comput. Methods Appl. Mech. Engrg. 197, 173-201, 2007
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10 VMS Method with Time-Dependent Orthogonal Subscales

e two-scale method, proposed in [1]
e large scale spaces: finite element spaces Vhox Qh
e small scale spaces: V' x ' such that
V=vV'aV and Q=Q"aQ

e small scale equation with integration by parts and smooth solution

(O —vAu' + (v - V)T + (@ V)u' + (u' - V)u' + Vp',v')y, o+ (V-u',q)

= —(Oum-vAu+ (@ V)a+Vp-f,v)y, —(V-uq)

[1] Codina; Comp. Meth. Appl. Mech. Engrg. 191, 4295-4321, 2002
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10 VMS Method with Time-Dependent Orthogonal Subscales

e first idea: do not neglect temporal derivative of small scales

! !/
u —u
Oyu' ~ 9 ———ld
At

1 depends on temporal discretization
e linear ansatz for small scales

U/ =-0 (Res (U, u:ﬂd) + leh)
e second idea: subscales should be L?(£2) orthogonal to finite element space =
OV orth = — P} (0Res (U, uly))

and
U’ = — (I - P&) (6Res (U, uly))

e some simplifications applied for practical reasons
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10 VMS Method with Time-Dependent Orthogonal Subscales zﬁ@

e find (w”, ") such that

(f)t'wh,v )+ v (Vw ,V'vh) +n(w" + w’,wh,vh) — (V- vh,rh)

+(Vowh )+ > <(I =P (((w" +w') - V) w" + vrh),

KeTh

i (((w" +w') - V) o+ th)>

K

+ 3 (1 P (V-wh) gV o)

KeTh

- (f,’Uh)-‘,- Z ((IﬁP[}/Lz)f,(sm’K (((’LU}IJ,»U)/).V)vh+vqh))K
KeTh

)

+E Z ( oldaémK(((w +w) V)’U + Vg ))
KeTh

e global projection
e advection velocity
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10 VMS Method with Time-Dependent Orthogonal Subscales %

equation for subscales

!
WK = Om K (ﬁugftd — (I -Pp) (w"+w) V)w"+Vr' — f))‘
K

variations/refinements/extensions of this prototype method exist
stabilization parameters in [1] for equal-order finite elements

numerical studies in literature only for equal-order finite elements

w4 = O: static or quasi-static subscales

V ortn = 0: algebraic subgrid scale (ASGS) VMS method

ASGS with static subscales: same derivation principles as for two-scale
residual-based VMS method from [2] (but different final method)
backscatter of energy only subscales are time-dependent [3,4]

[1] Codina; Comp. Meth. Appl. Mech. Engrg. 191, 4295-4321, 2002

[2] Bazilevs, Calo, Cottrell, Hughes, Reali, Scovazzi; Comput. Methods Appl. Mech. Engrg. 197, 173-201, 2007
[3] Principe, Codina, Henke; Comp. Meth. Appl. Mech. Engrg. 199, 791-801, 2010

[4] Codina, Principe, Badia; Lect. Notes Appl. Comput. Mech. 55, 75-93, 2011
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10 Algebraic Variational Multiscale-Multigrid Methods

e three-scale method

o AVM3 proposed in [1,2]

o AVM* proposed in [3]
e definition of the separation of the resolved scales

o uses ideas from algebraic multigrid (AMG) methods

o does not need another finite element space or anothe
definition of the large scales

[}

r grid

3h . 17k h 3h _ ph p3h, h
Spt s V=Vt = Py Ry'u

3h .. . . ho_ T
R3" — restriction, plain aggregation, Pl = (R%,)
. ~h
o scale separation, u~ — small resolved scales

u=ur1+a" = a'=u

h _ q3h

[1] Gravemeier, Gee, Wall; Comp. Meth. Appl. Mech. Engrg. 198, 3821-3835, 2009
[2] Gravemeier, Gee, Kronbichler, Wall; Comp. Meth. Appl. Mech. Engrg. 199, 853-864, 2010

[3] Rasthofer, Gravemeier; J. Comput. Phys. 234, 79-107, 2013
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10 Algebraic Variational Multiscale-Multigrid Methods

o AVM3
o start with two-scale decomposition

u=u"+u, p=p"+p
o neglect equation for unresolved test function
(B v") + (20D () D (o)) + ((u” - V) ' v") + (V- ")
= (V" p")
= (f0") = [ 0") + (D @)D (")) + (V) )
+ ((u' - V)u, v") + (- V), 0") — (V- vh’,p’)} —(V-u,q")

: ~h .
h — 3" + 3" in blue term

o split test function v
o apply assumption for a three-scale VMS method to blue term
— direct impact of unresolved scales on large scales is neglected

— model direct impact of unresolved scales on small resolved scales
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10 Algebraic Variational Multiscale-Multigrid Methods

o AVM?3 (cont.)

o in [1]: Smagorinsky model

v- (esn o (@)], 2 (a")) = v- (v (&) 0 ("))

o realizations of AVM? only for Q1 /Q1
— in practice added PSPG-type stabilization
o short form
A (w"; (w", "), (v", ¢")) + PSPG-type stabilization
+(vr (@)D (8"),D(v") = F(o")
e AVM' — algebraic multiscale-multigrid-multifractal method
o uses so-called multifractal model of u’ instead of eddy viscosity model

[1] Gravemeier, Gee, Kronbichler, Wall; Comp. Meth. Appl. Mech. Engrg. 199, 853-864, 2010
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10 Coarse Space Projection-Based VMS Method

e three-scale method
o based on ideas from [1]
o complete development and realization in [2]
e large scale space LH_ space of symmetric tensor-valued functions

e method

(Orw", v") + (2D (w") , D (V")) + n(w", w", v
h,

(V v h) + (,,[. (D (11)”) — i@”),ID) (vh) = <f,17h>V',V
h

(D <w77> o f‘:}”.L”

o definition of small resolved scales by projection

[1] Layton; Appl. Math. Comput. 133, 147-157, 2002

[2] J., Kaya; SIAM J. Sci. Comp. 26, 14851503, 2005
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10 Coarse Space Projection-Based VMS Method

e short form
A(w"; (w, "), (v, 6") + (vr (D (w") = GT) D (v")) = F (v")

o similar structure as for AVM3, AVM*

e generally Smagorinsky type models used for vt

e choice of L™ discontinuous space on the same grid ( Py, P15, mixed in an
adaptive algorithm)
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10 Other VMS Methods Lt

e |ocal projection stabilization (LPS) methods
o can be considered as two-scale VMS methods [1]
o structure is obtained by replacing in VMS method with time-dependent
orthogonal subscales the global Lz(ﬂ) projection by a local projection
e three-scale bubble VMS methods
o represent small resolved scales with bubble functions

[1] Braack, Burman; SIAM J. Numer. Anal. 43, 25442566, 2006
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10 Numerical Example

e turbulent channel flow at Re = 180 (friction Reynolds number)

Unnean

mean velocity profile

0.0 0.5 1.0 15 2.0
y

e very coarse grid: 8 x 16 x 8 cells, finer towards the walls
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10 Numerical Example

e Smagorinsky LES model

h
12,mean

T

---- reference
= (g =0.005, standard
+—+ (5 =0.005, van Driest

25
20
15+
+
wr S S | reference
/ X=X Cy =0.005,8 =2hy g
s +—+ Oy =0.01,6; =2hy .y
B O =0.005,0) =2hg gore
0 C =0.01,05 =2l gore
0 T e
0 20 40 60 80 100 120 140 160
+
Yy
o second order statistics
T =
12,mean —

180

h, h
Uy Ug)s

60 80 100 120 140 160 180

ut)s)e{(us)s)e

o very sensitive to the choice of the Smagorinsky parameter
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10 Numerical Example

e projection-based VMS models

20 T T T T T T T T

20N /S reference | |
---- reference -
s| ) %= Smag
H=xX Cs =0.005,05 =2hig giont +— VMSO
s =0.01,05 =2h giore -2.5¢ m—m VMS1
B8 O =0.02,05 =2hg grore o—e VMSadap
0 n n n n ~3.0 . . . . . n n n
0 20 40 60 80 100 120 140 160 180 0 20 40 60 80 100 120 140 160 180
+ +
Y Yy

o left: VMS model with different parameters

o right: comparison with Smagorinsky LES model for second order statistics
e VMS model more accurate

o consistent statement in literature for all VMS models
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10 Summary

e simulation of turbulent flows requires turbulence modeling
o situation will not change in foreseeable future
e much progress in past two decades
o LES approaches developed further
o VMS methods introduced
e VMS models
o distinguish two-scale and three-scale VMS methods
o different realizations
— usually only in the group of the developer of the method
o ongoing project: implementation of various VMS methods in in-house code
PARMOON (Parallel Mathematics and object-oriented Numerics) [1]
e more details in [2] and [3]

[1] Wilbrandt, Bartsch, et al.; Comput. Math. Appl. 74, 74-88, 2017
[2] Ahmed, Chacén Rebollo, J., Rubino; Arch. Computat. Methods Engrg. 24, 115 — 164, 2017

[3] J.; Finite Element Methods for Incompressible Flow Problems, Springer Series in Computational Mathematics 51, 812 pages, 2016
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Thank you for your attention !

http://www.wias-berlin.de/people/john/
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